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' Abstract. We apply the ideas of derived algebraic geometry and topological field theory to the 

representation theory of reductive groups. We first establish good functoriality properties for or- 
■ dinary and equivariant D-modules on schemes, in particular showing that the integral transforms 

^ l' studied in algebraic analysis give all continuous functors on 'D-modules. We then focus on the 

' categorified Hecke algebra Hq of Borel bi-equivariant f-modules on a complex reductive group 

, G. We show that its monoidal center and abelianization (Hochschild cohomology and homol- 

OO 1 ogy categories) coincide and are identified through the Springer correspondence with the derived 

version of Lusztig's character sheaves. We further show that "Hg is a categorified Calabi-Yau 
algebra, and thus satisfies the strong dualizability conditions of Lurie's proof of the cobordism 
hypothesis. This implies that "Hq defines (the (0,l,2)-dimensional part of) a three-dimensional 
. topological field theory which we call the character theory XG- It organizes much of the rep- 

resentation theory associated to G. For example, categories of Lie algebra representations and 
Harish Chandra modules for G and its real forms give natural boundary conditions in the theory. 
^ In particular, they have characters (or charges) as Hecke modules which are character sheaves. 

The Koszul duality for Hecke categories provides an equivalence between character theories for 
Langlands dual groups, and in particular a duality of character sheaves. It can be viewed as a 
dimensionally reduced version of the geometric Langlands correspondence, or as S-duality for a 
generically twisted maximally supersymmetric gauge theory in three dimensions. 
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1. Introduction 

Algebraic systems of differential equations in the form of 2?-modules are central objects in alge- 
braic analysis. They allow one to separate out the algebraic and geometric structures of a system of 
differential equations from the analytic issues of solvability in specific functions spaces. Categorical 
tools such as functoriality and adjunctions, and geometric tools such as integral transforms allow 
one to reduce complicated P-modules to simpler ones. In this paper, we establish foundational 
results relating these categorical and geometric tools, and apply them to categories of P-modules 
arising in geometric representation theory. (The reader primarily interested in algebraic analysis 
and results on integral transforms could skip to Section 11.51 where our results are discussed from 
that perspective.) 

The seminal works of Harish Chandra, Kashiwara, Kazhdan, Lusztig, Beilinson, Bernstein and 
other early pioneers place P-modules at the heart of representation theory. The fundamental cate- 
gories in the representation theory of reductive groups - such as Harish Chandra modules for real 
and complex Lie groups and the highest weight representations of Category O - are equivalent to 
categories of X'-modules on flag varieties and related spaces. Moreover, the natural symmetries of 
representations - such as the intertwining operators for principal series representations - correspond 
to integral transforms acting on D-modules. For example, for 2?-modules on the flag variety G/B 
of a complex reductive group G, the collection of all such integral transforms form the (differential 
graded) Hecke category Hq = V(B\G / B) of Borel bi-equivariant (complexes of) 2?-modules on G. 
Composition of integral transforms (often called convolution) equips the Hecke category with 
a monoidal structure that categorifies the classical Hecke algebra associated to the Weyl group of 
G. In another direction, Harish Chandra established his celebrated regularity results for distribu- 
tional characters of admissible representations of real Lie groups by showing that they satisfy an 
adjoint-equivariant regular holonomic system of differential equations. The resulting P-module is 
the fundamental example of a character sheaf in the sense of Lusztig and also is the basic object in 
Springer theory. 

Our main results are best understood (or at least most succinctly stated) in the framework 
of extended topological field theory. We show that there is a topological field theory (TFT for 
short), which we call the character theory and denote by Xd that organizes much of the geometric 
representation theory associated to G. The character theory can be viewed as an extended three- 
dimensional TFT, which we only define on 0, 1 and 2 dimensional manifolds, or alternatively as a 
categorified two-dimensional TFT. It assigns the Hecke category Tic of Borel equivariant 2?- modules 
on the flag variety to a point. (Equivalently, we can say that xg assigns the 2-category of Tic-module 
categories to a point.) The character theory XG assigns to the circle the derived Drinfeld center 
of Wg, which we show is a derived version of the category of Lusztig's character sheaves on the 
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group G itself. This implies that character sheaves admit the rich operadic structure of Drinfeld 
centers (topological Hochschild cohomology) , and also admit a dual description via the deep theory 
of Langlands duality. In order to construct the character theory we develop the functional 
analysis of categories of P-modules, studying functoriality, integral transforms and various forms of 
duality. 

Before explaining our results further, we begin with a brief prelude about finite groups to accli- 
mate the reader to the structures of two dimensional TFT. Throughout we will use the following 
idiosyncratic notation: we will write G/adG to denote the adjoint quotient of a group G, or in other 
words, the quotient of G by itself acting by conjugation. More generally, for a subgroup H C G, 
we will write G/adH to denote the quotient of G by the subgroup H acting by conjugation. For 
example, for a reductive group G and Borel subgroup B (Z G, we can write G/adB and not confuse 
the quotient with the flag variety G/B. 

1.1. Toy model: finite group gauge theory. We will not give a formal introduction to extended 
two dimensional topological field theory but rather remind the reader of its broad outline informally 
via the example of finite group gauge theory. The character theory we introduce below for a complex 
reductive group will have categorified analogues for all of the structures discussed here. 

Let G be a finite group. There is an extended two dimensional TFT called topological gauge 
theory or Dijkgraaf-Witten theory after [DW| and denoted by Zq that encodes all of the familiar 
structures in the complex representation theory of G (see [F] for a detailed study). It is a quantum 
gauge theory with gauge group G over 0, 1, and 2-manifolds (with boundaries and corners). 

An extended two dimensional TFT is a symmetric monoidal functor Z with domain the 2-category 
2Bord with the following structure: 

• objects: 0-manifolds, 

• 1-morphisms: 1-dimensional bordisms between 0-manifolds, 

• 2-morphisms: 2-dimensional bordisms between 1-bordisms, up to diffeomorphism. 

The symmetric monoidal structure of 2Bord is given by disjoint union, with unit the empty 0- 
manifold. 

The target of the functor Zq is the 2-category AbCatc with the following structure: 

• objects: small C-linear abelian categories, 

• 1-morphisms: exact functors, 

• 2-morphisms: natural transformations. 

The symmetric monoidal structure of AbCatc is given by tensor product with unit the category of 
finite dimensional complex vector spaces Vect^'^. 

We will be interested in C-linear abelian categories that can be written as module categories over 
an associative algebra over C. Thus we can restrict our attention to the the Morita 2-category of 
algebras Algc with the following structure: 

• objects: associative algebras over C, 

• 1-morphisms: bimodules, 

• 2-morphisms: morphisms of bimodules. 

(More precisely, exact functors between module categories of algebras correspond to bimodules 
which are flat over the source algebra.) We will identify Algc with the full subcategory of AbCatc 
given by assigning to an algebra A its category of modules Mod^. 

Now given a finite group G, the field theory Zq assigns to each cobordism M a linearization of 
the space of the space of gauge fields on M (or in other words, a linearization of the orbifold of 
principal G-bundles or Galois G-covers over M). In particular, Zq assigns the following to closed 
0, 1 and 2-manifolds: 

• To a point, Zq assigns the group algebra of distributions: 



ZG{pt)^C[G]eOb{Algc). 
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Equivalently, we can view Zq as assigning the category of finite dimensional complex 
G-modules: 

ZG(pi) = Rep^''(G) = Modggj = Vect^''(BG) e Oh{AhCatc), 

or in other words, finite dimensional algebraic vector bundles on the orbifold of G-bundles 
on a point. 

• To a circle, Zq assigns the vector space of complex class functions on G: 

Zeis}) = £\Gf = C[G/„dG] e Vectc = lHom^6Catc(Vectc, Vectc), 

or in other words, complex functions on the orbifold of G-bundles on the circle. 

• To a closed surface, Zq counts the number of points of the orbifold of G-bundles over the 
surface: 

Zg(S) = #{Hom(7ri(S),G)/G} e C = 2 Hom^bCatc (C, C) 
where as usual, a bundle V is weighted by 1/ Aut('P). 
The field theory Zq encodes many of the salient features of finite group representation theory. 
Let us mention several that will arise again in the case of complex reductive groups; 

• The group algebra ZQ{pt) = C[G] is a noncommutative Frobenius algebra with nondegen- 
erate trace 

T : C[G] ^ C t(/) = /(e)/|G| 

where e € G is the unit. The class functions Zq{S^) = C[G]'^ are a commutative Frobenius 
algebra with trace induced by r under a trace map (see below) . 

• The class functions Zq{S^) = C[G]^ are the center of the group algebra ZQ{pt) = C[G]. 
Equivalently, they are the endomorphisms of the identity functor of Rep£''(G) so act func- 
torially on any representation M G Rep^''(G). 

• The class functions Zq{S^) = C[G]^ are also the abelianization of the group algebra 
^cipt) = C[G], or in other words, the target of a universal trace map 

tr : C[G] ^ C[G]° 

(an initial map among all maps that are equal on ab and ba, for all a,b E C[G]). Equivalently, 
they are the recipient of a functorial trace map from endomorphisms of any representation 
M e Rep^'^(G) which assigns to idjvf the character xm S C[G]*^. 
As an example of the last highlighted property, consider a subgroup H d G and the induced 
representation C[G/H] G 'Rep(f{G). Its endomorphisms are the Hecke algebra C[H\G/H] of H- 
biinvariant functions on G. The trace of an element of the Hecke algebra can be calculated by 
puUback and pushforward along the diagram 

G/adG^G/adH^H\G/H. 

1.2. Background: geometric representation theory. We state our main results in the next sec- 
tion, but provide here a brief reminder on the representation theoretic significance of the categories 
of 2?-modules that will appear. 

Geometric approaches to the representation theory of Lie groups are intimately linked with the 

study of 2?-modules. For example, a traditional starting point for geometric representation theory 
is the study of linear actions of real Lie groups G(M) on topological vector spaces such as function 
spaces of homogeneous spaces. To capture the underlying algebraic structure of the symmetries while 
avoiding the analytic intricacies involving the function spaces, one replaces such representations with 
their infinitesimal equivalence classes in the form of Harish Chandra (g, i4r)-modules. Then to apply 
the powerful sheaf-theoretic techniques of algebraic geometry, one uses the localization theorem of 
Beilinson-Bernstein to identify Harish Chandra modules with if-eqiiivariant I?-modules on the flag 
variety G/B. With this approach, one sees that questions in the representation theory of real Lie 
groups can be reformulated in the geometric language of D-modules. 
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We will single out two categories of I?- modules of fundamental interest in geometric representation 
theory: the Hecke category of Borel bi-equivariant P-modules on a complex reductive group G, and 
Lusztig's character sheaves (with unipotent central character) on the adjoint quotient G/adG. One 
of the main motivations for this paper was to understand the precise relation between the two. 
Since our methods and results will involve homotopical algebra and topological field theory, we 
find it most natural to work in the context of derived categories. More precisely (as explained 
below in the preliminaries), we will work in the underlying oo-categorics (or differential graded 
categories) of complexes of I?-modules whose homotopy categories are the derived categories one 
usually encounters. Thus by a P-module, we will usually mean a complex of U-modules and not 
specify that further. Given a smooth scheme or stack X, we will denote by 'D{X) the c»-category 
of all complexes of P- modules on X. 

1.2.1. Hecke categories. Let G be a complex reductive group with Borel subgroup B <Z G. 

The intertwiners acting on Harish Chandra modules of real forms of G (such as principal series 
representations) or on any category of 2?-modules on the flag variety G/B are realized by Hecke 
correspondences. For example, there are the basic integral transforms associated to pairs of flags in 
a fixed relative position indexed by an element of the Weyl group of G. (These are closely related 
to the Radon and Penrose transforms of algebraic analysis.) More generally, all _B-equivariant 2?- 
modules on the flag variety G/B provide integral kernels and thus integral transforms. The collection 
of all such P- modules is often called the Hecke category Tic ~ T>{B\G / B) of the group G. It is 
a categorification of the finite Hecke algebra appearing in Kazhdan-Lusztig theory. By Bcilinson- 
Bernstcin localization, Hg is a derived version of the category of Harish Chandra bimodules for the 
Lie algebra g - or Harish Chandra modules for the complex group G - with trivial infinitesimal 
character. We will also discuss the closely related monodromic Hecke category Hq°"' C 'D{N\G/N), 
consisting of I?-modules which have generalized unipotent monodromy with respect to the actions of 
the torus T = B/N on the left and right. This category is also a categorification of the finite Hecke 
algebra, and is equivalent by localization to Harish Chandra bimodules with generalized trivial 
infinitesimal character. 

1.2.2. Character sheaves. As mentioned above, Harish Chandra's theory of characters for repre- 
sentations of real Lie groups relies on an adjoint-equi variant differential equation satisfied by the 
characters. The resulting P- module, known also as the Springer sheaf |HK| . is the fundamental 
example of a character sheaf in the sense of Lusztig [Lu . See also jLaj for a review of character 
sheaves and jGi |IMV|IGr| for geometric approaches to the theory. (As far as technical results needed, 
we will work within the framework of [MVj.) 

The traditional definition |Luj of character sheaf (as reformulated in |Gi[ IMVj ) is based on the 
horocycle correspondence 

G/ad G G/ad B B\G/B. 

The map p is the quotient with fibers isomorphic to the flag variety G/B, and the map 6 is the 
quotient with fibers isomorphic to B. Pulling back and pushing forward I?- modules gives a functor 
called the Harish Chandra transform (in the terminology of Gi]) 

F = pj^ : Kg - V{B\G/B) V{G/adG) 

An unipotent character sheaf is a G-equivariant P-module on G that is a simple constituent of a 
P-module obtained by applying the transform F to a simple 2?-module (in the heart of the standard 
^-structure on H-g)- They also can be characterized geometrically as the simple adjoint-equivariant 
P-modules on G with singular support in the nilpotent cone and unipotent central character. Lusztig 
showed that the collection of all character sheaves provides a construction of the characters of finite 
groups of Lie type, and gave a detailed classification in relation with the structure of the finite Hecke 
algebra. 

With the above in mind, we make the following definition in the homotopical setting. 
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Definition 1.1. The oo-category CHq of unipotent character sheaves is defined to be the full subcat- 
egory of 'D{G /adG) generated (under colimits) by holonomic objects with nilpotent singular support 
and unipotent central character. Equivalently, it is the full subcategory generated (under colimits) 
by the image of the Harish Chandra transform F . 

Note that traditional character sheaves are simple objects of the heart of the character category 
Cho with respect to the standard ^-structure. 

Example 1.2. The above correspondence can be viewed as a collection of Weyl group twisted versions 
of the Grothendieck-Springer simultaneous resolution. Namely, if we restrict to the support pt/B = 
B\B/B C B\G/B of the monoidal unit of TCg, then we recover (an equivariant global version of) 
the Grothendieck-Springer correspondence 

G/adG^^ G/G B\B/B ^ pt/B. 

Here G/G denotes the simultaneous resolution 

G/G^{{g,B')\geB'}/G^B/adB, 

and the map p forgets the flag B' , while the map 5 forgets the group element g. 
The global version of the Springer sheaf 

is the fundamental example of a character sheaf. According to [HKj , it coincides with Harish 
Chandra's adjoint-equi variant holonomic system of differential equations obtained by setting all of 
the Casimir operators to zero. 

1.3. Main results: character tiieory for complex reductive groups. We continue to fix a 
complex reductive group G with Borel subgroup B d G. (Our results generalize easily to any 
parabolic subgroup P C G). 

1.3.1. Representation theory formulation. Our results center around the Hecke category Tic = 
V{B\G / B) of Borel equivariant (complexes of) P-modules on the flag variety G/B equipped with 
its natural convolution structure. 

As mentioned above (and explained below in the preliminaries), we will work in the framework 
of oo-categories (or differential graded categories) whose homotopy categories are familiar derived 
categories. For foundations on oo-categories (in the sense of Joyal } Joj ) , we refer to the compre- 
hensive work of Lurie [Lll IL21 IL31 IL4] . (See Sections 12. 1[ 12.21 12.31 for a summary of what we will 
need of this theory.) In organizing our results, it will also be useful to adopt the language of ho- 
motopical 2-categories in the form of (oo, 2)-categories. Roughly speaking, an (oo, 2)-category is 
an (oo, l)-category tensored and enriched over (oo, 1) -categories. We refer the reader to |L6] for a 
general study of (oo, 2)-categories, as well as to 'L5I where their role in extended TFT is explained. 
Though the above foundations can be daunting, it is worth commenting that our results and proofs 
involve familiar structures. 

We can view the monoidal category Tic as an algebra object in the oo-category St of stable 
presentable oo-categories with morphisms given by continuous (colimit-preserving) functors. Going 
one step further, we can view Hg as an object in the Morita (oo, 2)-category 2Alg of algebra objects 
in St with 1-morphisms given by bimodules, and 2-morphisms given by natural transformations. 

Here is a summary of some of our main results (see Section 11.3.31 for other variants) : 

• [Theorem 15. 8j The Hecke category Hg is a Calabi-Yau object of 2Algc with trace 

T -.Hg ^ Vect 

the natural continuous extension of the hom-pairing on compact objects 
t{TV) = Hom^^i^ (m, 9Jl), for u e Hg the monoidal unit. 
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• [Theorem 16. 10] The oo-category CHq of unipotent character sheaves is the Drinfeld center 
(or categorical Hochschild cohomology) of the Hecke category Hg with central action 

given by the horocycle correspondence (or twisted simultaneous resolution). In particular, 
Che is naturaUy an f2-algebra object in St, and acts functoriaUy as endomorphisms of any 
Hecke module M e Moduc (St). 

• [Theorem I6.10| The oo-category CHq is also the abelianization (or categorical Hochschild 
homology) of the Hecke category TCg with universal trace 

tv.n-^ Cha 

again given by the horocycle correspondence (or twisted simultaneous resolution). In par- 
ticular, Che comes equipped with an S'-'^-action compatible with that on D-modules on the 
loop space G/adG — C{BG), as well as an 5'^-invariant trace 

T : Che Vcct 

descended from the trace on Hq- Moreover, Che is the recipient of a universal trace from 
endomorphisms of any Hecke module, and thus every Hecke module M £ Mod>^g (St) has 
a character xm £ Che associated to the identity idjvf- 

Let us say a few words about a particular instance of the last highlighted result (we refer to [TVj 
for the general theory of characters of module oo-categories as objects in the Hochschild homology 
category). Consider a spherical subgroup K C G (for example, K a parabolic subgroup, or the 
fixed points of an involution). Harish Chandra (g, A')-modules with trivial infinitesimal character 
are equivalent to X-equivariant 2?- modules on G/B. The latter naturally provide a Hecke module 
where the Hecke category acts via convolution on the right. The character of this Hecke module is 
the object of Ghc given by pushing forward the structure sheaf of G/adK along the natural project to 
G/adG, and then projecting onto CHq (the central functor 3 given by the horocycle correspondence 
naturally extends to a functor from 'D{G/adG) to the Drinfeld center of H and hence provides a 
projection to Che). For example, the Springer sheaf Sq discussed in Example 11.21 is the character 
of the left regular representation of the Hecke category. 

Remark 1.3. It is interesting to compare this with a recent independent result of Bczrukavnikov, 
Finkelberg and Ostrik BFOJ who prove that the Drinfeld center of the abelian category of Harish 
Chandra bimodules is equivalent to the abelian category generated by character sheaves. The 00- 
categorical version of this result, identifying the center of the monodromic Hecke category TCq°'^ 
with character sheaves, is discussed in Section [1.3.31 below. 

1.3.2. Topological field theory reformulation. Baez and Dolan [BDo] formulated a principle, the 
cobordism hypothesis, which asserts that extended d-dimensional TFTs (which assign invariants 
to arbitrary manifolds with boundaries and corners of dimension at most n) should be completely 
determined by what they assign to a point. Conversely, an object of an n-category satisfying strong 
finiteness assumptions should freely determine an n-dimensional extended TFT. In two dimensions, 
the notion of extended TFT is closely related to that of open-closed field theory as studied in detail 
by Moore and Segal [MSj in the semisimple setting (such as the finite group gauge theory recalled 
above) and by Costello [C] in the derived setting. (Costello's arguments were used by Hopkins and 
Lurie to give a proof of the cobordism hypothesis in dimension two.) Lurie has given a precise 
formulation of the general cobordism hypothesis in an 00-categorical setting in |L5j . and presented 
a detailed outline of a proof and a variety of generalizations. In reformulating our results in the 
framework of TFT, we adopt below the geometric constructions and categorical language (such as 
bordism categories, and general (00, 2)-categories) explained in [L5'. 

Our results outhned above allow us to show that Hg satisfies the conditions of Lurie's proof of the 
cobordism hypothesis, and thus conclude that Hg defines an extended categorified two-dimensional 
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topological field theory. We call the resulting field theory the (unipotent) character theory xg 
associated to G. It is a symmetric monoidal functor 

Xg ■ 2Bord 2Alg 

from the (oo, 2)-category of unoriented bordisms: 

• objects: 0-manifolds, 

• 1-morphisms: 1-dimensional bordisms between 0-manifolds, 

• 2-morphisms: classiying spaces of 2-dimensional bordisms between 1-bordisms, 

to the Morita (oo, 2)-category of algebras 2Alg: 

• objects: algebra objects in stable presentable oo-categories, 

• 1-morphisms: bimodule objects in stable presentable oo-categories, 

• 2-morphisms: classifying spaces of morphisms of bimodules. 

Note that given A e 2Alg, we can pass to the (oo, 2)-category of modules ModA{St) and bi- 
modules correspond to functors between (oo, 2)-categories of modules. Thus we can think of the 
corresponding field theory as assigning ModAiSt) to a point. 

The field theory xg assigns the following to closed 0, 1 and 2-manifolds: 

• To a point, xg assigns the Hecke category 

XGipt)^nGeObi2Alg). 

Equivalently, XG{pt) is the (oo, 2)-category of Hecke modules ModHc{St). Examples of 
objects include oo-categories of Harish Chandra modules for subgroups K C G, the BGG 
Category O, and in general, the oo-category of P-modules V{X/B), for any scheme X with 
a G-action. 

• To a circle, xg assigns the Hochschild homology of Hg, which by the above results is the 
oo-category of unipotent character sheaves 

XG{S^) = ChGCV{G/adG). 

• To the 2-sphere, xg assigns the T-equi variant cohomology of a point 

XGiS^) = H^ipt), 
and to the 2-torus, it assigns the Hochschild chain complex of Ghc- 
The identification of the abelianization of the Hecke category Tic with character sheaves implies 
that any module category M € Mod-H^ (St) has a character object in C/iq. In other words, character 
sheaves are precisely the categorified characters of Hecke modules. This is particularly interesting 
in the case of the Hecke modules arising naturally in geometric representation theory, in particular 
the categories of Harish Chandra modules for real forms of the group G. We will return to this in 
future work. 

1.3.3. Monodromic character theory and Langlands duality. We introduce here the monodromic 
character theory, which is a Langlands dual counterpart to the (equivariant) character theory dis- 
cussed above. We continue to fix a complex reductive group G with Borel subgroup B C G. 

Recall that the Hecke category Hg = 'D{B\G / B) acts by integral transforms on any category 
of P- modules on the fiag variety G/B. We may also consider the natural integral transforms 
that act on twisted 27-modules on the fiag variety. More precisely, for any element A of the dual 
Cartan t)^, we can consider the category of A-monodromic P-modules on the fiag variety G/B. 
These are 2?- modules on G/N which have monodromy along the fibers of G/N — > G/B with 
generalized eigenvalue A. Here the natural integral transforms are objects of the monoidal oo- 
category T^™""'-*" of A-bimonodromic P-modules on B\G/B. We will focus on the case A = and 
denote the corresponding (unipotent) monodromic Hecke category by Hq°"'. (See Section [Ql for a 
more detailed discussion and technical approach to this category.) 

Our main motivation for introducing the monodromic Hecke category TCq"" is the following 
Koszul duality theorem of Beilinson-Ginzburg-Soergel |BGS| , in the Langlands dual form developed 
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by Soergel [S] to prove the complex case of his categorical real local Langlands conjecture. It is 
most naturally stated in the mixed setting, but since such structures are beyond the scope of this 
paper, we will state an equivalence of underlying two-periodic categories. In general, given a stable 
presentable (X)-category C, we will write Cper for its two-periodic localization where we invert even 
shifts. Now for G and its Langlands dual group G^, the Koszul duality of |BGS|, IS] localizes to an 
equivalence of two-periodic Hecke categories: 

nj njmon 

,per — 'l-G,per- 

Further arguments of Bezrukavnikov and Yun [BY] show that this is a canonical monoidal equiv- 
alence. In other words, in the setting of two-periodic stable presentable cx)-categories, we have a 
canonical equivalence of algebra objects. 

It immediately follows that the monodromic Hecke category satisfies all of our results 

for the Hecke category TYcv.per- Therefore is a Calabi-Yau algebra, and we have a two 

dimensional monodromic character theory Xc.per which assigns Hc.per a point. (In fact, our 
arguments for Tic can be directly adapted to the monodromic setting to give an independent and 
non-periodic proof of this result.) 

Corollary 1.4. There is a canonical equivalence of two-periodic topological field theories 

mon 

XG"^ ,per — AG,per 

between the equivariant character theory for and the monodromic unipotent character theory for 
the Langlands dual group G. 

We can now deduce a Langlands duality relating character sheaves on the group G with those 
on the dual group G^. To our knowledge (and that of experts we have asked), this duality was not 
previously known. In Section [631 we explain how to adapt our results to show that the oo-category 
of unipotent character sheaves Ghc is equivalent to the abelianization Ah{TU^°^) of the monodromic 
Hecke category TCq°^. This is sufficient to establish the following. 

Corollary 1.5. There is a canonical equivalence of two-periodic oo-categories of unipotent character 
sheaves 

Ghcper — Ghc^^per- 

1.3.4. General Monodromicity. We briefly comment on the natural extension of our results from 
trivial infinitesimal character to other monodromicities. (While we do not go into details, the proofs 
are natural extensions of those presented.) The field theories xg^ and Xg°" both fit into families 
of topological field theories labelled by a parameter A G f)^. 

On the one hand, let G^ C G^ be the centralizer of a semisimple representative of A, and let 
C G)^ be a Borel subgroup. Consider the monoidal Hecke category Ti-c^ of I?-modules on 
B)^\G\/B^, and the corresponding equivariant character theory Xg^- 

On the other hand, consider the monoidal Hecke category 7-^™°"'-*' of A-bimonodromic P-modules 
on B\G/B, and the corresponding A-monodromic character theory Xg°^'^- ^^'^ results of [BGSl[Sl 
IBY] apply in this twisted setting as well, giving rise to a Langlands duality for a family of TFTs: 

Corollary 1.6. There is a canonical equivalence of two-periodic topological field theories 

mon.X 

XGX,per - Xcper 

between the equivariant character theory for G\ and the X-monodromic character theory for the 
Langlands dual group G. Evaluated on the circle S^, the equivalence gives a canonical identification 
between the two-periodic oo-categories of unipotent character sheaves on G^ and character sheaves 
with central character X on G. 



As we explain in the next section, this duality of families of partial extended three-dimensional 
TFTs can be viewed as the dimensional reduction of the geometric Langlands correspondence. 
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1.4. Perspectives: gauge theory, geometric Langlands, and the character theory. In this 
section, we explain informally how the character theory xg fits into three dimensional gauge theory, 
as well as its relation to four dimensional gauge theory and the Geometric Langlands Program. 

1.4.1. Topological gauge theories. We wish to place the character theory xg in the context of three 
dimensional topological gauge theories, by which we mean very informally a field theory which stud- 
ies quantizations of moduli of principal bundles (see Section [1.4.2l for a more physical perspective). 

For a finite group G, complex representation theory is captured efficiently by the two-dimensional 
field theory Zq discussed above. For G an afhne algebraic group, for example for G reductive, 
representation theory is better captured by three-dimensional field theories. 

Given a scheme or stack X, consider the oo-category Q{X) of quasicoherent sheaves on X. 
Given an afhne algebraic group G, we form the quasicoherent group algebra Q(G) under convolution. 
Module categories for Q{G), which we call quasicoherent G-categories, are equivalently oo-categories 
with an algebraic action of G (as considered for example in [FG^). The object Q(G) G 2Alg is fully 
duahzable and defines a (0,l,2)-dimensional topological field theory (see [BFN] for a detailed 
discussion prior to Lurie's proof of the cobordism hypothesis). It has the following features: 

• To the point, Zq assigns the monoidal oo-category Q(G) G 2Alg of "quasicoherent dis- 
tributions". Equivalently, Z^{pt) is the (oo, 2)-category of quasicoherent G-categories 
ModQ(G)(S'i). Examples include Q{X) for any G-variety X. 

• To the circle, Z^ assigns the stable oo-category Q{G/adG) S St of "quasicoherent class 
functions". It is the Drinfeld center of Q(G) (see [BFN) 1 

• To a closed surface E, Zq assigns the cochain complex of derived functions or coherent 
cohomology i?r(C/iarG(S), O) G Mode of the character variety of G-local systems 

GharaiT:) = BG^ = {7ri(S]) ^ G}/G. 

In addition to the quasicoherent group algebra Q(G), we could also consider any quasicoherent 
Hecke algebra. Namely, for H d G an algebraic subgroup, we have a monoidal oo-category 

QiH\G/H) ~ EndMode(G, QiG/H) 

where the identification is a result of [BFN] . The two extremes H ^ G and H ^ {e} correspond to 
the symmetric monoidal oo-category Q{BG) — Rep(G) and the quasicoherent group algebra Q(G) 
itself. Examples of Hecke modules include Q{X/H) for any G-variety X. 

The quasicoherent Hecke category Q{H\G / H) can also be used to build a two dimensional TFT, 
but it turns out to be very similar to Z^. More precisely, a special case of a theorem of pFN] 
asserts that we have equivalences 

Ab{Q{H\G/H)) Q{G/adG) Z{Q{H\G/H)) 

In particular, the abelianization and center are independent of H. In work in progress with John 
Francis ^BFN2j . we show that Q{H\G/H) is in fact Morita equivalent to Q(G) in the sense that 
they have equivalent (oo, 2)-categories of dualizablc modules. For example, the modules Q{X) and 
Q{X/H) for any G-variety X correspond under this equivalence. 

Remark 1.7. This Morita equivalence is a natural categorified statement about matrix algebras. 
Namely, if we let X = EH and Y = BG, then X X = H\G/H is an example of a convolution 
algebra (as studied in [BENl l. In the case when F is a point, Q{X xy X) is a categorified version of 
the algebra of matrices with entries labelled by X. In general, Q{X Xy X) is a categorified version 
of block-diagonal matrices with blocks labelled by Y . Thus one expects the center of Q{X Xy X) 
to be a categorified version of block-scalar matrices. Such matrices are nothing more than functions 
on y, and one arrives at Q{CY) as its appropriate categorified version (when Y = EG, we have 
CY = G/adG). In particular, the center is independent of X: it is always given by quasicoherent 
sheaves on the loop space of the base. 
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Now let's compare with the situation for P-modules. Naively, given an afhne algebraic group G, 
one could expect to define a categorified two-dimensional TFT or truncated three-dimensional TFT 
with the following features: 

• To a point, Zq would assign the "smooth group algebra" T>{G) e 2Alg. Equivalently, 
ZqIpI) would be the (cxd, 2)-category yioAx>[G){St) of oo-categories with an infinitesimally 
trivialized G-action. 

• To a circle, Zq would assign the oo-category of "smooth class functions" T>{G/adG)- 

• To a closed surface S, Z^ would assign topological cochains on the character variety 
CharcCE) of G-local systems on S. 

One might also hope that a Morita equivalence relates this theory for G with analogous theories 
built out of Hecke categories 'D{H\G/ H), for subgroups H C G. 

Unfortunately, such a field theory does not exist: T>{G) is not a fully dualizable object of 2Alg. 
Like any algebra object in an oo-category, it does define a one-dimensional extended TFT |L5i Sec- 
tion 4.1]. However, the non-properness of the convolution morphism prevents I'(G) from satisfying 
the strict conditions of two-dimensional dualizability. 

Moreover, in the setting of I?-modules the above Morita picture breaks down dramatically. The 
representation theory of the Hecke categories 'D{H\G / H) is far from independent of the subgroup 
H C G. For example, it is not difficult to check that the center of the "smooth" group algebra 'D{G) 
is indeed adjoint-equivariant 2?-modules 'D{G /adG) on the group as expected. However, on the other 
extreme the Tannakian theory of the symmetric monoidal category 2?(_BG) is far less rich. This 
latter category can be identified with representations of G which are infinitesimally trivialized, or as 
representations of G as a homotopy type. For G connected, we can identify 'D{BG) with modules 
over topological chains on G with its convolution product. From this, we can then identify its center 
with the full cxo-subcategory Coc{G/G) C 'D{G/G) consisting of adjoint-equivariant P-modules on 
G with locally constant cohomology. Thus the centers of X'(G) and V{BG) differ dramatically: the 
equivariance evident in the presentation BG = G\G/G leads to microfocal equations satisfied by 
the center. 

The family of character theories XGx^ fo^' A £ f)^, is a well defined substitute for the nonexistent 
field theory Z^. More generally, for any affine group G and subgroup P with G/P proper, we 
have a two-dimensional theory attached to 'D(P\G/P). In particular the Drinfcld center of the 
Hecke category Tic — 'D{B\G / B) is cut out of ViG/adG) by the condition of nilpotcncy of the 
characteristic variety (together with the restriction to unipotent generalized monodromy along tori). 
One might expect that in some weak sense the integral over the family of character theories recovers 
the information in the putative Z^. In other words, the failure of Zq to be a field theory should 
be accounted for by the existence of natural parameter spaces, the dual Cartan subalgebras, over 
which we need to decompose the theory. 

One interesting consequence of this picture is that it suggests a close connection between the 
character theory xg(S) for a closed surface S and the cohomology of the character variety Charc{E), 
which is the subject of fascinating results and conjectures of Hausel and Rodriguez- Villegas |HRVtiH] . 
We hope to revisit this in future works. 

1.4.2. Supersymmetric gauge theory and geometric Langlands. A guiding principle behind this work 
is the seminal work of Kapustin and Witten |KWj , which uncovered the structure of four-dimensional 
topological field theory underlying the geometric Langlands correspondenceQ This field theory is 
given by a topological twist (the "GL twist") of the maximally supersymmetric (A/" = 4) Gcpt-gauge 
theory in four dimensions. In topologically twisting the theory, Kapustin and Witten find that there 
is a P^-family of choices of nilpotent supercharges, which combines with the gauge coupling constant 
to define a parameter G on which the topological theory depends. Thus Kapustin and Witten 

^More precisely, the geometric Langlands correspondence should be given by some kind of extended chiral con- 
formal field theory. The topological field theory picture is an approximation to this conformal picture. We will gloss 
over this distinction in this informal discussion, and translate the picture of |KWI into the language of extended TFT, 
noting that the extended TFTs of goometrc Langlands have not been rigorously defined. 
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show that we have a four-dimensional topological field theory Zq attached to a reductive group G 
and parameter 4" g P^. Moreover the famous Montonen-Olive electric/magnetic S-duality of AA = 4 
super- Yang Mills theory has a topological shadow, which is an equivalence 

Kapustin and Witten further analyze the reduction of the twisted gauge theory along a Riemann 
surface S, which in the language of extended TFT is the assignment of the field theory on S. Namely, 
the theory ^g,o assigns to a Riemann surface S an cxD-category V^BuncCE)) of P-modules on the 
moduli stack of G-bundles, while Zgv^oo assigns an cxj-category of coherent sheaves on the stack 
LocG^ of G^-local systems on S. The asserted equivalence Zg,o(S) ~ Zgv_oo(S) is the geometric 
Langlands correspondence. Moreover, the general structure of field theory provides both categories 
with actions (for every point x € T,) oi loop operators ('t Hooft operators for ^ = and Wilson 
operators for = oo). These loop operators are given by the monoidal oo-category assigned to the 
two-sphere, which by the geometric Satake correspondence can be identified with a derived version 
of Rep(G^). On the circle 5*^, one expects the duality to relate to the local geometric Langlands 
conjecture of Frcnkel and Gaitsgory |FG| . Namely, Zq^ should assign an (oo, 2)-category of stable 
oo-categories with a smooth action of the loop group (or modules for the "smooth group algebra" 
T>{LG)), while Zcv ^o should assign an (oo, 2)-category of stable c»-categories over the stack of 
G^-local systems on the punctured disc. 

The family of character theories introduced above are closely related to the dimensional reduc- 
tion of this picture to three dimensions. Compactifying an extended topological field theory Z 
on means defining a new theory Zgi by the assignment Zsi{X) — Z{X x S^). For example, 
compactifying Zq^q on the circle, we obtain a field theory which assigns to the point the "smooth 
group algebra" V{LG) of the loop group. To complete the dimensional reduction, we now pass to 
modes invariant along the circle - or mathematically, to the localized S'^-equivariant category (see 
|BN1] for a discussion). Using the localization theorem of [GKMj . we end up replacing D- modules 
on LG by P-modules on the fixed points G. The expected result is a two-periodic version of the 
naive three-dimensional gauge theory Zq. A mathematically precise substitute for this theory is 
the monodromic family Xg°"'^ character theories labeled by the dual Cartan f)^. As explained 
in |BN1| . these are obtained by equivariant localization from the affine Hecke categories studied in 
|Be) . A remarkable feature of this story (discovered in [BNlp is that the result of this reduction 
process is independent of ^P. The dimensional reduction of ^^g^.oo, which is described in terms 
of quasicoherent sheaves, gives rise to the equivariant family of character theories Xg^(a) over f)^, 
which are described in terms of U-modules. The dimensional reduction of geometric Langlands 
duality is then the Langlands duality for character theories discussed in the previous section. 

From the point of view of supersymmetric gauge theory, this picture takes the following form 
(which was explained to us by Edward Witten) . Compactification of TV = 4 Yang-Mills gives rise to 
a maximally supersymmetric TV = 8 gauge theory. S-duality in four dimensions gives rise to a duality 
of TV = 8 gauge theories in four dimensions studied in [Sel IBK| . The GL-type topological twistings 
of this theory now contain in addition to the parameter \I' £ coming from four dimensions also 
one more "generic" twist, which can be obtained by perturbation of any of the previous twists. 
This generic theory is necessarily preserved by S-duality - in other words, we have a single three- 
dimensional field theory with an equivalence for Langlands dual groups. It is this theory (or rather 
its decomposition according to a parameter A G f)^) that we are studying in this paper. 

1.5. Techniques: integral transforms in algebraic analysis. In this section, we state some of 
the foundational results we develop in order to study Hecke categories. 

A key idea of algebraic analysis is to replace the functions and distributions of harmonic analysis 
by the algebraic systems of differential equations that they satisfy. One can view this as a form 
of categorification where the resulting 2?-modules play the role of the original functions and dis- 
tributions, and categories of 2?-modules play the role of generalized function spaces. For example, 
the exponential function f{x) — e'^^ is characterized by the algebraic equation {dx — A)/(x) — 0, 
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and hence is a solution of the P-module V^i /V^i [dx — A) . Similarly, the delta distribution 5\ is 
characterized by the algebraic equation [x — X)f{x) = 0, and hence is a solution of the P-module 
Z^Ai/^Ai(a; - A). 

Natural operations in harmonic analysis are given by integral transforms acting on function spaces 

f{x) ^{K* f){y) = / J{x)K{x,y)dx 



where K{x, y) is an integral kernel. For example, (one normalization of) the Fourier transform on the 
real line is given by the integral kernel K{x, y) — e"^'^"!'. In continued analogy, natural operations 
in algebraic analysis are given by integral transforms acting as functors between categories of T)- 
modules. In this context, derived versions of tensor product and pushforward replace multiplication 
and integration respectively. To be more precise, given varieties X, Y and a P-module K. on the 
product X xY , one defines a functor on derived categories of I?- modules 

V{X) ^V{Y) T\ ^7ry,(4.F®/C). 

by pulling back from X to the product X x y, tensoring with the integral kernel /C, and then 
pushing forward to Y via the natural diagram 

X X X y Y. 

For example, the geometric Fourier transform of Malgrange, an autoequivalence of I?-modules 
on A^, is given by the integral kernel /C = 2?ai xa^/^a^ xaJ (c^a; — with solution K{x,y) = e"^. 
The classical Fourier transform of a solution of a P-module J- is a. solution of the geometric Fourier 
transform of J-. 

For another example, given a correspondence of varieties 

X^Z^Y 

one defines a functor on derived categories of I?-modules by the similar formula 

V{X) ^V{Y) T\ ^g.f^T. 

By the projection formula, this functor coincides with the integral transform given by the integral 
kernel /C = (/ x g)*Oz on the product X xY. 

In general, integral transforms can be interpreted as operations on systems of differential equa- 
tions, transforming solutions to one system into solutions of a new (and potentially more accessible) 
system. The theory of integral transforms for I?-modules has been developed and applied to a host 
of problems in integral geometry and analysis, in particular to the study of the Radon, Laplace 
and Penrose transforms, starting with the influential paper of Brylinski j3rj and continuing in the 
beautiful work of Goncharov |Gol[[Go2| . Kashiwara, Schapira, D'Agnolo [KS[|DSlllDS2j and others. 
The X'-modulc approach allows one to separate the algebraic and geometric aspects underlying a 
system of differential equations from the analytic problems involving solvability in different function 
spaces, allowing one to obtain powerful general results. 

1.5.1. Review of integral transforms for quasicoherent sheaves. Integral transforms on derived cat- 
egories of (quasi)coherent sheaves have been intensely studied since Mukai introduced his analogue 
of the Fourier transform on abelian varieties. Following Orlov's theorem, which characterizes all de- 
rived equivalences between categories of coherent sheaves on smooth projective varieties as integral 
transforms, the question arose as to whether all reasonable functors on derived categories are of this 
form. In order to make such a statement precise one must replace triangulated categories by a more 
refined setup, such as (pretriangulated) differential graded (dg) categories or stable oo-categories 
|L2j . In the former context such results are due to Bondal, Larsen and Lunts |BLLj and Toen [Toj . 
who deduced it from a general study of a model structure on dg categories. In particular Toen 
proves that for X, X' schemes over a ring k, the dg category of /c-linear continuous (that is, colimit 
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preserving) functors between (dg enhancements of) the derived categories of quasicoherent sheaves 
is identified with the enhanced derived category of the product. 

In our paper [BFNj with John Francis, we apphed the formahsm of cxD-categories [Joj as developed 
by Jacob Lurie |L1[ IL2[ IL3[ IL4j to study algebraic operations on the refined versions of derived 
categories of sheaves provided by stable oo-categories. In particular we derived a general version 
of Toen's theorem on the representability of functors by integral kernels, extending the result to a 
relative situation and from schemes to a broad class of stacks and derived stacks (see |To2j for a 
survey of higher and derived stacks). Namely, we introduce the class of perfect stacks, which are 
quasi-compact derived stacks X with afhne diagonal, and with the property that the oo-category 
Q{X) of quasicoherent sheaves on X is the inductive limit Q{X) = IndPerf(X) of perfect complexes 
on X. The class of perfect stacks includes all quasi-compact and separated schemes as well as 
quotients of quasiprojective schemes by afhne algebraic groups in characteristic zero, and is closed 
under fiber products, passing to total spaces of quasiprojective morphisms, and quotients by finite 
group schemes. We showed that for perfect stacks Xi, X2 over a perfect stack Y, the natural maps 
are equivalences 

Q{Xi)®Q^Y) Q{X2)^^Q{Xi xyX2)^^FunQ(y)(Q(Xi),Q(X2)). 

Let X Y he a, cover of perfect stacks. The cxD-category of integral transforms Q{X Xy X) ~ 
FunQ(Y)(Q(X), Q{X)) has a natural multiplication, given by convolution with respect to F, or 
equivalently by composition of functors, making it into a monoidal oo-category. In the case Y is 
a point, this is a categorified version of the algebra of matrices with entries labelled by X, while 
in general it is a version of F-block diagonal matrices. Thus we expect the center (or Hochschild 
cohomology) of such an algebra, appropriately defined, to be a categorified version of (block-)scalar 
matrices, i.e., of functions on Y, and likewise for its abelianization (or Hochschild homology). In fact 
we show that the center (as defined in [BFNj ) of Q{X Xy X) is identified with Q{CY), sheaves on the 
derived loop space of Y. For X ^ Y also proper Gorenstein and representable the same holds for the 
abelianization. The central action Q{CY) Q{X xy X) and universal trace Q{X xy X) — > Q{CY) 
are both given by integral transforms associated to the correspondence 

£Y CY Xy X XxyX 

In work in progress with John Francis )BFN2] we prove that (in agreement with the intuition from 
matrix algebra) the monoidal oo-category Q{X Xy X) is in fact {2-)Morita equivalent to Q{Y) - 
they have equivalent (00, 2)-categories of dualizable modules. 

1.5.2. Setting of schemes. Our first foundational result identifies functors between P-modules on 
smooth schemes with integral transforms. In order to perform algebraic operations on categories 
of I?-modules (in particular, to study functor and tensor product categories), it is crucial to work 
with a refined version of the usual derived category of complexes of P-modules with quasicoher- 
ent cohomology. Our technical approach to 2?-modules was inspired by the work with Francis on 
quasicoherent sheaves and by the work of Neeman |N2| . 

Given a smooth scheme X, we will consider the stable oo-category X'(X) of 2?-modules on X. 
Equivalently (since we work in characteristic zero), we could consider T^IX) as a pre-triangulated 
differential graded category. We will also consider the full 00-subcategory VcohiX) of 2?- modules 
with coherent cohomology. For foundations on oo-categories (in the sense of Joyal [Jo]), we refer to 
the comprehensive work of Lurie [Lll IL2i IL3[ IL4j . (See Sect ions I^TTl 12.21 l2.3l for a summary of what we 
will need of this theory.) When considering V^X), we will work within the oo-category St of stable 
presentable oo-categories, where morphisms are continuous (colimit-preserving) functors. When 
considering Vcoh{X), we will work within the oo-category st of stable idempotent-complete small 
oo-categories, where morphisms are exact (finite colimit-preserving) functors. Both form symmetric 
monoidal oo-categories in which it makes sense to consider algebra objects and to perform algebraic 
operations such as tensor product of module objects. 
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The stable cxD-category DlX) is naturally symmetric monoidal with respect to tensor product, 
or in other words, it is an algebra object of St. We will write • (8>i5(x) ' for the tensor product of 
stable I'(X)-module (X)-categories, and Funx)(y)(-, •) for the X'(X)-linear morphisms between stable 
I>(X)-module oo-categories. The stable oo-category Vcohi^) is also naturally symmetric monoidal 
with respect to tensor product, and we will use similar notation when working with it 

By a scheme, we will always mean a quasicompact, separated scheme of finite type. 

Theorem 1.8. Let Xi,X2 he smooth schemes over a smooth scheme Y. Then the natural maps 
are equivalences 

ViXi) V{X2)^^V{Xi xy X2) ^^Fm-iviY)iV{Xi),V{X2))- 

If in addition, Xi is proper, then the natural map is also an equivalence 

VcohiXi X X2) ^^Fun{VcohiXi),VcohiX2)). 

The first map is induced by the puUbacks from the factors to the fiber product, the second map is 
given by associating integral transforms to integral kernels. Thus we see that all linear functors on 
D-modules on schemes are representable by integral transforms. In particular, we obtain a concrete 
description of (the 00-categorical enhancement of) Goncharov's bicategory ^Go2j of P-modules with 
integral transforms as the full subcategory of St consisting of the stable oo-categories 'D{X) for 
smooth schemes X. 

1.5.3. Equivariant setting. In the setting of algebraic stacks, the natural analogues of Theorem 11.81 
fail in general. The fundamental obstruction is the inherently topological nature of D-modules. 
Pushing forward along an affine map almost always loses information (that is, it fails to be conser- 
vative): for example, unlike quasicoherent sheaves, many nontrivial 2?- modules have no global flat 
sections at all. Thus even for stacks with affine diagonal, one can not reconstruct P-modules on 
a fiber product from algebraic operations on 2?-modules on the factors. In short, the Tannakian 
theory of P-modules is not rich enough to capture the geometric theory. As a result, tensor and 
functor oo-categories are not identified with all integral kernels: there are adjunctions exhibiting 
the former as pale shadows of the latter. 

With applications to representation theory in mind, we will focus on a more precise formulation 
in the following special setting. We will restrict our attention to finite orbit stacks, which are stacks 
of the form Z/G, where Z is a smooth quasiprojective variety, and G is an affine algebraic group 
that acts linearly on Z with finitely many orbits. Examples include classifying stacks BG — pt/G 
and the stacks P\G/P, for F C G a parabolic subgroup of a reductive group G. The key technical 
advantage of finite orbit stacks is that coherent and holonomic P-modules coincide, and T){Z/G) is 
compactly generated by a collection of holonomic 2?-niodules. This implies that all 2?-niodules on 
finite orbit stacks enjoy the rich functoriality and adjunctions available in the holonomic setting. 
In this setting, we have the following partial analogue of Theorem 11.81 tensor products and linear 
functors arc identified with each other via the natural map factoring through P-modules on the 
fiber product. 

Theorem 1.9. Let Z/G he a finite orhit stack. Then 'D{Z/G) is self-dual as a 'D{BG)-module. In 
particular, for any stack X' = Z'/G, the natural map (factoring through V-modules on the fiber 
product) is an equivalence 



V{ZIG) ®T,(BG) V{Z' /G) ^^YnnT,(BG){nZ/G)MZ' /G)). 
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1.6. Outline of the paper. Wc begin in Section [2] with an overview of the technical tools we will 
need, including basics of stable and monoidal oo-categories, ind-categories and compact generators, 
centers and abelianization (or Hochschild cohomology and homology). 

In Section [3l we study P-module categories on schemes. After reviewing the basic formalism, 
we show I?-modules enjoy good functional analytic properties including extended functoriality, self- 
duality of P-module categories, and the representation of continuous functors in an absolute and 
relative setting by integral transforms. 

In Section 21 we discuss properties of P-modules on stacks, establishing restricted analogues of 
some of the functoriality results for schemes, in particular the representation of functors relative to 
a classifying space by integral transforms. 

In Section [51 we examine Hecke categories in detail, working in somewhat greater generality than 
is needed for reductive groups. We first show some adjunction properties which enable us to identify 
the abelianization and centers of Hecke categories. These results are then applied to show that Hecke 
categories are fully dualizable in the two dimensional sense, defining categorified extended 2d TFTs. 

Finally, in Section |6l we study the fundamental correspondence between the Hecke category 
and equivariant sheaves on the group, and use it to identify the abelianizations of equivariant and 
monodromic Hecke categories with character sheaves. 
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2. Preliminaries 

In this section, we summarize relevant technical foundations for cx)-categories and homotopical 
algebra in oo-categories. It is beyond the scope of this paper (or any single paper) to provide 
a comprehensive discussion of these topics. We will instead focus on highlighting the particular 
concepts, results and their references that play a role in what follows. For a less condensed overview, 
one could also consult [BFN| from which we have borrowed much of the following account. 

Throughout this paper, we work over a fixed algebraically closed field C of characteristic zero. 

2.1. oo-categories. When studying I?-modules on a scheme or stack, we will work in the setting 
of stable oo-categories (or equivalently, over C, with pre-triangulated differential graded categories) 
rather than the more traditional setting of derived categories. It is well established that the theory of 
triangulated categories, through which derived categories are often viewed, is inadequate to handle 
many basic operations. The essential problem is that passing to homotopy categories discards the 
essential information captured by homotopy coherent structures. Furthermore, we will also need 
the formalism of oo-categories to describe collections of oo-categories themselves. 

Roughly speaking, an oo-category (or synonymously (oo, l)-category) encodes the notion of a 
category whose morphisms form topological spaces and whose compositions and associativity prop- 
erties are defined up to coherent homotopies. The theory of oo-categories has many alternative 
formulations (as topological categories, Segal categories, quasicategories, etc; see |Berj for a com- 
parison between the different versions). We will follow the conventions of |L1| . which is based on 
Joyal's quasi-categories [Jo| . Namely, an oo-category is a simplicial set satisfying a weak version 
of the Kan condition guaranteeing the fiUability of certain horns. The underlying vertices play the 
role of the set of objects while the fiUable horns correspond to sequences of composable morphisms. 
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The book |Llj presents a detailed study of oo-categories, developing analogues of many of the com- 
mon notions of category theory (an overview of the oo-categorical language, including limits and 
colimits, appears in [Lll Chapter 1.2]). An important distinction between oo-categories and the 
more traditional settings of model categories or homotopy categories is that coherent homotopies 
are naturally built into the definitions. Thus for example, all functors are derived and the natural 
notions of limits and colimits correspond to homotopy limits and colimits. 

Most of the oo-categories that we will encounter are presentable |L11 5.5] in the sense that they 
are closed under all small colimits (as well as limits, by [Lll Proposition 5.5.2.4]), and generated 
under suitable colimits by a small category. Examples include oo-categories of spaces and of modules 
over a ring. Presentable oo-categories form an oo-category Vr whose morphisms are left adjoints, or 
equivalently by the adjoint functor theorem [LI J 5.2], functors that preserve all colimits [Lll 5.5.3]. 
Furthermore, many of the oo-categories that we will encounter are stable [L21 2,4] in the sense that 
they have a zero object, are closed under finite limits and colimits, and their pushouts and puUbacks 
coincide. Stable oo-categories are an analogue of the additive setting of homological algebra: the 
homotopy category of a stable oo-category has the canonical structure of a triangulated category [L21 
3] . We will denote by St c Vr the full oo-subcategory of stable presentable oo-categories as studied 
in |L2|, 17]. Finally, we will make frequent use of Lurie's powerful extension [L3' Theorem 3.4.5] of 
the Barr-Beck theorem to the setting of oo-categories. 



2.2. Monoidal oo-categories. Tensor product of P-modules on a scheme or stack provides a 
symmetric monoidal product. We will need the notion of a symmetric monoidal oo-category, along 
with algebra and module objects therein. Furthermore, we will also need the symmetric monoidal 
structure on the oo-category St of stable presentable oo-categories. 

The foundations of homotopical algebra in the setting of oo-categories has been developed by 
Lurie [L3| . |L4| . A monoidal oo-category as defined in |L31 1.1] is an oo-category equipped with 
a homotopy coherent associative unital product. Its homotopy category is an ordinary monoidal 
category. An algebra object A in a, monoidal oo-category as defined in [L3| 1.1.14] is an object 
equipped with a homotopy coherent multiplication. Left and right module objects over an algebra 
object are defined similarly [L31 2.1], with right modules identified with left modules over the 
opposite algebra object A°p, and there is a relative tensor product • ®a • of left and right modules 
given by the two-sided bar construction |L31 4.5]. Monoidal oo-categories, algebra objects in a 
monoidal oo-category, and module objects over an algebra object themselves form oo-categories, 
some of whose properties (in particular, behavior of limits and colimits) are worked out in |L3| 1,2]. 

The definition of a symmetric monoidal oo-category is given in |L4| 1] modeled on the Segal 
machine for infinite loop spaces. Its homotopy category is an ordinary symmetric monoidal category. 
There is the notion of commutative algebra object in a symmetric monoidal oo-category C such that 
its modules form a symmetric monoidal oo-category with respect to relative tensor product [L41 
Proposition 5.7]. Given two associative algebras A,B g C, their monoidal product A ® B C 
carries a natural associative algebra structure. Furthermore, any associative algebra A G 5 is 
a left (as well as a right) module object over the associative algebra A ® A°'p via left and right 
multiplication. 

One of the key developments of |L3| is the monoidal structure on the oo-category Vr of presentable 
oo-categories. The tensor product C (g) P of presentable C,I? is a recipient of a universal functor 
from the Cartesian product C x V which is "bilinear" (commutes with colimits in each variable 
separately). In fact, the tensor product lifts to a symmetric monoidal structure in which the unit 
object is the oo-category of spaces |L41 Proposition 6.18]. Furthermore, the symmetric monoidal 
structure is closed in the sense that Vr admits an internal hom functor compatible with the tensor 
structure |LH Remark 5.5.3.9], [L31 Remark 4.1.6]. The internal hom assigns to presentable oo- 
categories C and V the oo-category of colimit-preserving functors Fun(C, V) which is presentable by 
[Llj, Proposition 5.5.3.8]. The symmetric monoidal structure on the oo-category Vr of presentable 
oo-categories restricts to one on the full oo-subcategory St of stable presentable oo-categories [L31 
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4.2], |L41 6.22]. We will typically work with C-linear stable presentable oo-categories, which are 
module categories over the commutative ring object Vect = Mode G St. 

2.3. Ind-categories and compact generators. We begin by fixing some terminology which 
we will use throughout. Recall that an object C of an oo-category C is compact if the functor 
Homc(C, — ) preserves colimits (see jLll 5.3.4] for a detailed discussion). 

Definition 2.1. Given a functor f : C V between oo-categories, we will say 

• f is continuous if it preserves colimits, and 

• f is proper if it takes compact objects to compact objects. 

We continue by briefiy recalling the properties of ind-categories from |L1|, Section 5.3.5]. Given a 
small oo-category C which admits finite colimits, we may freely adjoin to C all small filtered colimits. 
The result is a new oo-category IndC, called the ind-category of C, which is presentable (and so in 
particular, admits all small colimits). By [L2] Section 8], if C is stable then so is IndC. In general, 
IndC can be identified with the category of those presheaves on C taking finite colimits to finite 
limits (and so in particular, it comes with an embedding C C IndC). It also satisfies the universal 
property [Llj Proposition 5.3.5.10] that continuous functors from IndC to a cocomplete category 2? 
are identified with functors from C to 2? that preserve finite colimits. We record this statement in 
the stable setting for future reference: 

Lemma 2.2. Let C denote a .small stable oo-category and V £ St a presentable .stable oo-category. 
There is an equivalence of oo-categories 

Ind : Fun''''(C,2?) ^ Fun^(IndC, P). 

Remark 2.3. In the statement of the lemma, we have written Fun*^^ to denote exact functors, and 
Fun'^ to denote continuous functors (this is the internal horn in the oo-category Vr of presentable 
oo-categories; the superscript "L" refers to the fact that continuous functors are equivalently left 
adjoints). Throughout this paper, we will almost exclusively deal with continuous functors and 
denote them simply by Fun when no ambiguity is possible. 

Remark 2.4. We will have occasion to utilize [LI , Proposition 5.3.6.2] which generalizes Lemma 
from ind-categories to more general cocompletions. Namely, given a collection TZ of small diagrams 
in a small oo-category C closed under finite colimits, we may construct a new oo-category Ind^C 
in which we add all small colimits to C while respecting the diagrams in TZ. In other words, the 
oo-category of functors from Ind-jz C to a cocomplete category V is identified with the oo-category 
of functors from C to V which carry the diagrams in TZ to colimit diagrams in T). 

Let us denote by st the oo-category of small stable oo-categories that are idempotent-complete 
|L1[ 4.4.5] (see |BFNi 4.1] for a discussion). For C S st, we can recover C from its ind-category IndC 
as the full oo-category C ~ (Ind C)cpt of compact objects of IndC (see |L11 Lemma 5.4.2.4] or |L1[ 
5.3.4.17], and also Neeman [Nlj). 

This hints at the intimate relation between ind-categories and the classical notion of compact 
generation (see jL2| 17] and [LH 5.5.7] for more details). 

Definition 2.5. A stable oo-category C is said to be compactly generated if there is a small 
oo-category C° of compact objects Ci £ C whose right orthogonal vanishes: if M Cz C satisfies 
Homc(Ci, M) ~ 0, for all i, then M ~ 0. 

Note that an ind-category IndC is automatically compactly generated (with compact objects the 
objects of C). In fact, any compactly generated stable presentable oo-category C can be identified 
with the ind-category Ind Ccpt of its subcategory Ccpt C C of compact objects. This is a version of 
a theorem of Schwede and Shipley [SSh| characterizing module categories for ^oo-algebras (see [L3[ 
4.4] for the oo-categorical version, and [Kej for the differential graded version). More generally, the 
functor Ind : st ^ St identifies st with the subcategory of St consisting of compactly generated 
oo-categories, and with morphisms proper continuous functors; a quasi- inverse is given by C i-^ Ccpt- 
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2.3.1. Opposite categories and restricted opposites. We denote by the opposite category of an 
c»-category C, reserving the superscript op for the opposite monoidal structure on an algebra object 
(see Section [2?2] above). We will typically consider opposite categories for small categories only. 
For C — Ind Ccpt a compactly generated oo-category, we will work with the modified notion of the 
restricted opposite category defined by 

C = Ind(C,<>,). 

The terminology is motivated by that of the restricted dual of vector spaces equipped with an extra 
structure such as a grading. 

Example 2.6. For the cxo-category Vect — Mode, we have Vectcpt consists of perfect complexes of 
C- vector spaces. Duality gives an identification Vectcpt — Vect^j, which extends by continuity to 
an equivalence Vect ~ Vect'. Note that the plain opposite category Vect"^ is the oo-category of 
pro-finite dimensional vector spaces, which is quite different from Vect'. 

2.3.2. Adjoint and proper functors. We close this summary by recording a couple of other useful 
statements: 

Lemma 2.7. Let f : C < — > T> : g denote an adjoint pair of functors between small oo- categories. 
Then the induced functors Ind / : IndC < — > Ind 2? : Ind 5 are also adjoint. 

Proof. The assertion follows from Lemma [2.21 applied to the adjunction morphisms fg idv and 
gf idp. □ 

Lemma 2.8. Let F : C < > T) : G denote an adjoint pair of functors. If G is continuous, then F 

is proper. Conversely, if C = Ind Ccpt is compactly generated and F is proper, then G is continuous. 

Proof. Suppose G is continuous and G C is compact. For {Mi} an arbitrary small diagram in P, 
we calculate 

Homi,(i^(iV),colim,Mj) ~ Homc(iV, G(colimM,)) 

~ Homc(A^, colimi G{Mi)) 
~ co\imillomc{N,G{Mi)) 
~ colimiHom-D(F(A^),Mi) 

and conclude that F{N) is compact. 

Conversely, suppose C ~ Ind Ccpt is compactly generated and F is proper. Then any N £ C can 
be written as a colimit colim Nj of compact objects. For {Mi} an arbitrary small diagram in 2?, we 
calculate 

Home {colim j Nj,G (colimi Mi)) 2± lim^ Homc(A'j , G(colimi Af^)) 

~ lim^ Hom-p {F{Nj), colimi Mi ) 
~ linij colimi Homp(F(Ar,), M^) 
2± lim j colimi Home {Nj,G{ M i ) ) 
~ linij Home ( A'j , colimi G{Mi)) 
2± Home (colimj Nj , colim^ G{Mi ) ) . 
By the Yoneda lemma, we conclude that G is continuous. □ 

2.4. Centers and abelianizations. We continue with a discussion of centers and abelianizations of 
associative algebra objects in closed symmetric monoidal 00-categories, following jBFN] to which we 
refer for more details. This is a general version of the approach to topological Hochschild homology 
developed in |EKMMl[Sh] . 

Let iS be a closed symmetric monoidal oo-category. Then we have internal hom objects [L3( 
2.7], and given A ® A°^'-modules M,N, we can consider the A ^ A°^'-linear morphism object 
HomA^A°p {M, N) e S. Likewise, given left and right A (g) A°p modules M,N G 5 we have a 
pairing M (i^A^A°F N £ S defined by the two-sided bar construction |L3[ 4.5] over A (g) A°p. 
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Definition 2.9. Let A be an associative algebra object in a closed symmetric monoidal oo-category S. 

(1) The derived center or Hochschild cohomology Z(A) = HH*(y4) G S is the endomorphism 
object £ndA^A°p{A) of A as an A-bimodule. 

(2) The derived abelianization or Hochschild homology Ab{A) — HH^(y4) ^ S is the pairing 
object A®A®A'>p A of A with itself as an A-bimodule. 

In general, the center Z{A) is again an associative algebra object in S. Furtliermore, Z{A) conies 
with a canonical central morphism 

i:Z{A) ^A F\ ^F{\a) 

while Ah{A) conies with a canonical trace morphism 

tr : A ^ Ab{A) 

coequalizing left and right multiplication. 

2.4.1. Cyclic bar construction. It is useful to have versions of the Hochschild chain and cochain 
complexes that calculate the abelianization and center. In the setting of an associative algebra 
object A in a monoidal oo-category S, they take the form of a simplicial object Nj'''^(A) and 
cosimplicial object N*j,^(A) such that the geometric realization colimN^''^(A) is the abelianization 
Ah{A) and the totalization \\m'^*y^{A) is the center Z{A). 

We construct the simplicial object N»*'^(A) and cosimplicial object N*j^^(A) as follows. The A- 
bimodule A has a canonical simplicial resolution C* {A) of the A-bimodule A whose terms Cn-i{A) ~ 
^®n+i yl_biniodules which are free as left A-modules. (It is defined using the usual formalism 
of cotriple resolutions, see [BFNj .) 

Now recall that the abelianization Ab{A) is defined by the self-pairing A (8>a®a°p A. Since the 
tensor product commutes with colimits, in particular geometric realizations, we calculate 

Ab{A) = A^A^A-p A ~ \C*{A)\ ~ C,(A)|. 

Thus the geometric realization of A 0^(8^°? Cf,{A) calculates the abelianization ^6(^1). 

We write N!;^'^(A) for the simplicial object A®a®a°p C*, (A) and refer to it as the Hochschild 
chain complex. Since A is free as a right A-module, the terms of the simplicial object C*(yl) are 
free as A-bimodules. Thus we can evaluate the terms of the Hochschild chain complex 

= A ®A^A^. Cn{A) ~ A ®A^A^. ^ 

In particular, there are equivalences 'H'^'^{A) ~ A and NJ^^(j4) ~ A A, and the two simplicial 
maps A® A ^ A are the multiplication and the opposite multiplication of A. 

Similarly, recall that the center Z{A) is defined by the endomorphisms £ndA®A''p{^)- Since 
morphisms take colimits in the domain to limits, in particular geometric realizations to totalizations, 
we calculate 

Z{A) ^ £ndAig)A''p{A) '2±KomA®A°p{\C*{A)\,A) ~ \KomA<i!,A°p{C^XA), A)\ 

Thus the totalization of 7iomyig^op(C*(A), A) calculates the center Z{A). 

We write 'N*y^{A) for the cosimphcial object HomA^A°p (C*(A), A) and refer to it as the Hochschild 
cochain complex. As before, we can evaluate the terms of the Hochschild cochain complex 

N'^yM) = HomA(^Aop{Cn{A),A) ~ nomA(sAop{A^"+^A) ^ Hom(A®", A). 

In particular, there are equivalences N°j^^(A) ~ A and Njj^^(A) ~ 7iom{A,A), and the two cosim- 
plicial maps A Hom{A, A) are induced by the left and right multiplication of A. 
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2.4.2. Circle action on Hochschild homology. An important feature of the Hochschild cohomology 
Z{A) is its monoidal structure, which is evident from its definition as an endomorphism object. The 
Hochschild homology Ab{A) is not monoidal in general, but rather carries a canonical action of the 
circle group , which is captured by the theory of cyclic homology (see [Lo] for a comprehensive 
overview). In the case of the algebra A of cochains on a topological space X, this structure captures 
the action on cochains on the free loop space of X (see [j]). Specifically, the cyclic bar construction 
calculating Hochschild homology has a canonical structure of cyclic object (as defined by Connes 
|Co| ) extending its definition as a simplicial object. In other words, in addition to the usual face and 
degeneracy maps, labelled by order preserving maps of finite sets, we have additional morphisms 
corresponding to cyclic rotations of finite sets. The oo-category of cyclic sets is identified by |DHK| 
with that of 5'^-spaces (or spaces over BS^, the classifying space of the cyclic category). More 
generally, a cyclic object in any cxD-category gives rise to an 5^-action on the geometric realization 
of the underlying simplicial object. 



3. P-MODULES ON SCHEMES 

Throughout the remainder of this paper, all schemes will be over a fixed algebraically closed 
field C of characteristic zero without further comment. By a scheme, we will always mean a quasi- 
compact, separated scheme. 

3.1. Basic properties. We collect some standard definitions and properties of 2?-modules. Refer- 
ences include Bernstein's lecture notes [B] and the books by Borel [Bo] and Kashiwara [K] . 

By a 2?- module 3Jl on a smooth scheme X, we will mean a complex of quasicoherent sheaves with 
a compatible left action of the sheaf of differential operators Vx- We will write T>{X) for the stable 
oo-category (or equivalently, pre-triangulated differential graded category) of P-modules on X. It 
is a symmetric monoidal oo-category with product given by the tensor product of the underlying 
quasicoherent sheaves 

Given a map f : X oi schemes, we have two derived functors 

U ■■ V{X) ^ V{Y) /t : ViY) ^ V{X). 

The puUback is the usual puUback on the underlying quasicoherent sheaf. In particular, the 
tensor product of P-modules is given by the puUback along the diagonal map 

Tl(g>m:^Tl ®Ox ^ - At(97l M %. 

It is also useful to introduce a shift and to define the exceptional puUback 

/' = /t[2(dimX-dimr)]. 

The P-module pushforward /, is given by the standard (/^^Py , 2?x)-bimodulc Vy^x and the 
usual pushforward on the underlying sheaf 

Here are some standard properties we will use: 

• The P-module puUback /''' is monoidal with respect to tensor product (since p and the 
tensor product are given by the usual puUback and tensor product on the underlying qua- 
sicoherent sheaves). 

• Composition identities: given a sequence of maps 

X^^Y Z 
there are canonical equivalences of functors (<?/)* — g*/*, [gfY — f''g^ ■ 

21 



• Base change: given a Cartesian square 



X Xy Z —^X 
f 

Z^^Y 
there is a canonical equivalence of functors 

• Projection formula: for a map f : X Y , there is a functorial equivalence 

This follows from applying base change to the Cartesian diagram 

/ 

X ^Y 

idx x/ 

' fxidi' 

X X Y ^Y X Y 

3.2. Coherent and holonomic P-modules. By a coherent P-module on a smooth scheme X, 
we will mean an object DJl G 'D{X) such that it is locally representable by a finite complex of V- 
modules with finitely generated cohomology. A coherent P-module will be called holonomic if it is 
trivial or if its cohomology sheaves have Lagrangian singular support. We will write VcohiX) for 
the full subcategory of of coherent objects and similarly ViioiiX) for the full subcategory of 

holonomic objects. 

Here are some standard properties we will use: 

• For smooth maps f : X ^ Y, puUback descends to a functor : T>cohiX) ^ T^coh{X). 

• For proper maps f : X ^ Y, pushforward descends to a functor : VcohiX) VcohiX)- 

• For any morphism f : X ^ Y , the puUback and pushforward descend to functors 

/t : Vn,i{Y) ^ Vhoi{X) : Vhoi{X) V^oiiY) 

As a consequence, observe that the tensor product 071 (g) 01 ~ A^MMm) descends from V{X) to 
equip Vhoi{X) with a natural symmetric monoidal structures. (On a scheme, the tensor product of 
coherent 2?- modules is rarely coherent, for example T>x O is not finitely generated.) 

Let ujx be the canonical bundle, and consider the dualizing object 

V^^ = Diffiujx, Ox)=Vx 

It has two canonically interchangeable (left) P-module structures arising via composition of differ- 
ential operators. It provides the Verdier duality involution 

Bx : V,oh{X)^ ^ V,oh{X) ^xim - Homp^ (OT, 2?)^) [dim X] 

which also descends to an involution on holonomic 2?-modules. 
We have the standard properties: 

• Morphisms out of a coherent 2?-module are calculated locally 

Homp(x) (971,01) ~ 7r,(]D)x(9n) 01)[- dimX], for 971 e Pco/i(^)*, 01 £ V{X) 

where t: : X ^ pt. (See lU 11], [Bol CoroUry 9.8].) 

• For f : X ^Y \s proper, there is a canonical equivalence 

By o ^ o ©X : V,oh{X) ^ Vcoh{Y). 

• For f : X ^ Y smooth, there is a canonical equivalence 

Bx o p oBy ^ f ^ /t[2(dimX - dimr)] : V,oh{Y) ^ V,oh{X). 
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For a map f : X ^ Y oi schemes, one defines functors 

/, : Vhoi (X) ^ Vhoi (Y) /* : V^oi (Y) ^ Vhoi (X) 
/, = ©y o o Bx f*=^xofo By 

Tliey satisfy the standard adjunctions: 

• The functors (/i, /') and (/*, /,) form adjoint pairs on holonomic 2?- modules. 
The duality involution also equips "DhoiiX) with an alternative symmetric monoidal structure in 
addition to the usual 2?- module or !-tensor product = o'. Namely, we define the *-tensor product 

mr^*m^ A*{mmm) ^BxOD>x{M)(S)-Bx{'n)). 

Under the Riemann-Hilbert correspondence for regular, holonomic 2?-modules, the *-tensor product 
goes over to the usual tensor product for constructible sheaves. 

Note that for a map f : X ^ Y, the natural monoidal puUback for (3* is the functor /*. In 
addition, the *-tensor product satisfies the dual version of the projection formula 

3.3. Compact generators. We continue with X a smooth scheme. 

The following characterizes the regular I?-module of differential operators Vx ■ tensoring with Vx 
defines an induction functor Q{X) T^{X) whish is left adjoint to the forgetful functor ^{X) 

Qix). 

Lemma 3.1. For L G Q(^) and G DiX), there is a canonical adjunction equivalence 

Homx,(x)(2?x <S>Ox C,m) - RomQ^x){C,im). 
Proof. Local calculation. □ 

It is a standard result (see |N2j . [BFNj ) that the oo-category Q{X) of quasicoherent sheaves on 
a quasi-compact, separated scheme X is compactly generated with compact objects the perfect (or 
equivalently, dualizable) complexes. 

Proposition 3.2. // Q{X) is generated by objects C, then T^iX) is generated by the inductions 
T^x ®Ox ^- V objects C are compact, then the inductions Vx ®Ox ^ '^'"^ '^^ well. 

Proof. The first assertion is an immediate consequence of Lemma 13.11 To see that induction is 
proper, it suffices by Lemma [2.81 to note that the forgetful functor from P-modulcs to O-modules 
is continuous, since it is exact and preserves arbitrary direct sums (or alternatively, since it has a 
natural right adjoint coming from writing P- modules as comodules for the coalgebra of jets). □ 

We see that T>{X) is compactly generated by coherent 2?-modules obtained by induction. We 
next check that puUback and pushforward of 2?-modules preserve colimits. 

Proposition 3.3. Let f : X Y be a map of smooth schemes. Then the V-module puUback 
/t : V{Y) 'D{X) is continuous. 

Proof. It suffices to show that the canonical morphism 

colim,/t(an,) ^/^(colim.im,) 

induces an equivalence 

IIomi,(x)(2?x ®Ox -C, /■'■(colimi DJli)) ~ IIom25(x) (^'x ®Ox colimi f^^i)) 
where C runs through objects of Q{X). Using Lemma [XT] twice, we calculate 

Homx)(x)(I?x ®Ox -^j/^Ccolimiajli)) ~ Homg(x)(-C, /*(colimi 971^)) 

~ Homg(x)(-C,colimi /*(«Illi)) 
~ Hom^3(x)(I?x <8)Ox 'C;Colimi/'^(9Jli)) 

□ 
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Proposition 3.4. Let f : X ^ Y be a map of smooth schemes. Then the V-module pushforward 
/* : T>{X) T^{Y) is continuous. 

Proof. It suffices to show that the canonical morphism 

cohnii f*{Mi) /*(cohmi 971^) 

induces an equivalence 

Homx)(x)(2'x ®Ox -C, /*(colimi 971^)) ~ Homp(x)(2^x ®Ox colimi f*{Mi)) 

where C runs through objects of Q{X). Using the fact that tensor product preserves colimits, we 
calculate 

Homp(x)(^x ®Ox /*(colinii 97li)) ~ Honig(x)(£, f^iVy^x ®Vx colinii Mi)) 

~ Honig(x)(>C, colinii f^iVy^x ®Vx 
~ Honi25(x)(2'x ®Ox colinii /»(9Jli)). 

□ 

Proposition 3.5. Let X be a smooth scheme. Then Vcoh{X) comprises precisely the compact 
objects ofV{X). 

Proof. Let tt : X ^ pt = Spec(C) be the structure map. Coherent D-modules are compact thanks 
to the local expression for P-module morphisms out of a coherent P-module 

Homi,(x) (971, m) = TT, (Bx (9?t) ® 91) [- dim X] . 

It follows that 971 is compact since the above expression is a composition of the continuous func- 
tors tensor product and pushforward. Conversely, since coherent P-modules generate, all compact 
objects are finite colimits of coherent P-modules and hence coherent themselves. □ 

Corollary 3.6. For X a smooth scheme, we have an equivalence 'D{X) 2± IndVcohiX). 

3.4. Extended functoriality. The identification T>{X) ~ IndX'co;i(^) of CoroUarv 13.61 allows us 
to analyze arbitrary 2?-modules on a smooth scheme in terms of coherent I'-modules. By Lemma [2.2[ 
any exact functor out of 2?coh(^) extends canonically to a continuous functor out of 2?(X). 

Recall the notation C = Ind(C^() from Section 12.3.11 for the restricted opposite. The Verdier 
duality equivalence '■ T^cohi^) — T^cohi^)^ extends to an equivalence 

Bx : V{X) = lnAV,oh{X) ~ lnA{V,oh{X)^) = V{X)' 

which we will denote by the same symbol. Note that T>{Xy has no obvious independent meaning, 
unlike 'T>{X) which by Corollary 13.61 represents both the category of all 2?-modules and also the 
ind-category of coherent P-modules lndT>coh{X). While Verdier duality gives an equivalence Da' : 
T>{X) ~ V^Xy , it is often useful to keep the two distinct. 

Proposition [231 guarantees that the puUback functor will agree with the continuous extension 
of its restriction to coherent 2?-modules (though in general the image of coherents is not coherent 
unless / is smooth). Similarly, Proposition 13.41 guarantees that the pushforward functor will 
agree with the continuous extension of its restriction to coherent 2?-modules (though in general the 
image of coherents is not coherent unless / is proper) . 

Furthermore, whenever exact functors on coherent P-modules satisfy an identity, their continuous 
extensions will as well. We have the following standard examples: 

• For f : X —> Y proper, there is a canonical equivalence 

By o 2± o Bx : V{X) ^ V{Y). 

• For f : X ^ Y smooth, there is a canonical equivalence 

Bx o/t oBy ~ /^[2(dimr- dimX)] : V(Y) V{X). 
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Remark 3.7. It is important to note that the continuous extensions of standard functors from coher- 
ent to aU P-modules are not in general given by the standard formulas. For example, the continuous 
Verdier duality Dx : 'D{X) ~ V{Xy is not given on all P-modules by a Hom construction. 

We may also consider the full subcategory Vhoi{X) C ^{X) generated under cohmits by holo- 
nomic I'-modules. It agrees with the ind-category of T>i^oi{X) since holonomic 2?-modules are 
compact: 

VhoiiX) ~ IndVhoiiX) C Ind Vcoh{X) ~ V{X). 
Here as well, Proposition 13.31 and Proposition 13.41 guarantee that there is no ambiguity in defining 
puUback and pushforward: the continuous extensions of the usual puUback and pushforward 
/* to ind-holonomic I?-modules agree with the usual puUback and pushforward on all P-modules. 
Furthermore, we immediately have that ind-holonomic I?-modules satisfy the usual functoriality of 
holonomic I?-modules: 

• The adjoint pairs of exact functors (/i, f ) and (/*, /*) on holonomic P-modules extend to 
adjoint pairs of continuous functors on ind-holonomic X'-modules. 

3.5. Tensors and products. 

Lemma 3.8. Let Xi,X2 be smooth schemes. There is a canonical equivalence 

Proof. Local calculation. □ 

Theorem 3.9. Let Xi, X2 be smooth schemes. Then external tensor product defines an equivalence 

S : V{Xi) ® V{X2) ^ V{Xi X X2) 

Proof. For notational convenience, set X ~ Xi x X2, with pi : X Xi, p2 : X ^ X2 the 
natural projections. It suffices to show that external tensor product defines an equivalence in st of 
00-categories of compact objects 

H : V,pt{Xi) Vcpt{X2) ^ V,pt{X) 

Recall from |BFN| that the external products £1 K £2 & Q{X) of perfect generators Ci G Q{Xi), 
C-i G Q{X2) are perfect generators for Q(^). Thus by Lemma [3T2l objects of the form 

provide a collection of compact generators for ViX). By a result of Neeman, all compact objects 
can be characterized as summands of finite colimits of compact generators, thus we conclude that 
the external product preserves all compact objects. Furthermore, by the definition of the tensor 
product of stable idempotent-complete small 00-categories, every compact object is in the image of 
the external tensor product. 

Now we must verify that for 371^,01^ G VcptiXi) we have an equivalence 

Homc(x)(aJli Kajl2,mi ~ Homp(x,)(imi,fni) Homp(x,)(2n2,Dl2). 

It suffices to assume that DJli is of the form T>Xi ®Ox- foi' some perfect object Li £ Q,{Xi). Then 
the above assertion can be rewritten in the form 

HomQ(x)(/:i ^£2,0^1 KDT2) Homg(Xi)('Ci,01i) ®HomQ(x,)(/:2,0l2). 
Now using the dualizability of Li and the projection formula for p2 '. X ^ X2, we can calculate 

YiomQ(x){p\Ci®p*2C2,pVyii®p*2'n2) ^ T{x,p\cX®p\mi®p*2C)i®p*2'n2) 

~ r(X2,_P2*(pJHomg(Xi) (£1,012) ®P2^Omg(X2)(£2,0l2))) 
~ T{X2, Homg(Xi) (£1, oil) ® Homg(x,)(£2, %)) 
~ IIomg(Xi)(£l,01l) ® IIomg(X2)(£2,0T2) 

□ 
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Corollary 3.10. Let Xi,X2 be smooth schemes. Then external tensor product defines an equiva- 
lence 

m : V,oh{Xi) ® V,oh{X2) ^ V^ohiXi X X2) 

Proof. The proof of the theorem shows that the assertion is true for compact objects. But we have 
seen that on a scheme, compact P-modules coincide with coherent P-modules. □ 

3.6. Duality over a point. We now show that T>{X) is duahzable as a C-hnear stable presentable 
00-category, or in other words, as a Mode-module. 

Proposition 3.11. For X a scheme, ^{X) is self-dual over T>(pt) ~ Mode. When X is proper, 
then VcohiX) is self-dual over Vcohipt) — Perfe. 



Proof. By Theorem 13.91 we have a canonical equivalence 

V{X)®V{X) ~ V{X X X). 

Thus we can define a unit and counit by the correspondences 

u = A*/t : V{pt) V{X) ® V{X) c = /,A^ : V{X) ® V{X) V{pt) 

where /S. : X ^ X y. X is the diagonal, and f : X pt is the unique morphism. 
We must check that the following composition is the identity 

V{X) V{X) ® V{X) ® V{X) V{X). 

Consider the following commutative diagram with Cartesian square: 

X ^XxX ^X 



A 



1^2 



Ai2Xid3 



idi X A23 



X^^X xX —^X xX X X 

Using standard identities for composition and base change, we calculate 
(id (X)c) o (u (g) id) = 7ri»(idi X A23)^(Ai2 X id3)»7r| 
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7ri»A, AVo 



— id-D(x)- 

The same argument gives the second assertion. □ 

The general P-module formalism allows us to construct functors out of integral kernels. For 
Xi,X2 schemes, there is a canonical map 

V{Xi X X2) ^Fxm{V{Xi),V{X2)) 971 ^ 7r2*(4(-) ® OT) 

When Xi is proper, the same formalism provides a canonical map 

V,oh{Xi X X2) ^ Ynn{V,oh{Xi),V,oh{X2)) 271 ^ ^2*(7rl(-) ® 971) 

Our preceeding results immediately imply that the above maps are equivalences, and thus identify 
integral transforms with functors. 

Corollary 3.12. For Xi, X2 smooth schemes, the natural maps give equivalences 

V{Xi X X2) -V{Xi) ®V{X2) -Ynn{V{Xi),V{X2)). 
When Xi is proper, the natural maps give equivalences 

V,oh{Xx X X2) ~ V,oh{Xi) V,oh{X2) ^ Ynn{V,oh{Xi),V,oh{X2)). 
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3.6.1. Duality via Verdier duality. We present here an alternative abstract proof of the first assertion 
of Theorem 13 . 1 51 pointed out by Jacob Lurie. It is based on the foUowing general principle: 

Proposition 3.13. Suppose C G Stc is compactly generated so that C = InACcpt- Then C is 
dualizable in Stc with dual the restricted opposite C — Ind(C^t). 

Proof. We construct unit and counit functors 

u : Mode -^C®C' c-.C Mode 

and leave it to the reader to check the usual compatibility. By [BFN| Proposition 4.4.], the functor 
Ind : stc ~* Stc is symmetric monoidal, so we have an identification IndCcpt(X'Ind(C^() 2± Ind(Ccpt€5 
C^pt)- Then we take the counit c to be the continuous extension of Hom : (X> Ccpt ~^ Mode to 
the ind-catcgories. We take the unit u to be the C-linear extension of the functor sending the unit 
C to the functor Hom : ® Ccpt Mode considered as an object of Ind(Ccpt ® C^pt) where we 
think of ind-objects as Mode- valued functionals on the opposite category ® Ccpt- Q 

Now we can apply the above taking C — V{X), Ccpt — T^coh{X). Then Verdier duality provides an 
equivalence D : VcohiX) ~ VcohiX)^ , and hence an equivalence between T>{X) and its restricted 
opposite Note that this identification agrees (up to a shift) with that of Theorem 13.151 

since the counits are equivalent on compact generators. Namely, for 9Jt, 01 G VcohiX), we have an 
equivalence 

Homp(x)(ex(a7t),01) ~7r,(9Jt®01)hdimX] : 2?(X) ® 2?(X) ^ Mode 

where n : X pt. The pairing on the left is the abstract counit of Proposition 13 . 1 3l and the pairing 
on the right is the (shifted) geometric counit of Theorem l3.15l 

3.7. Linear functors and fiber products. We continue to work with smooth schemes, but now 
introduce a nontrivial base. 

Theorem 3.14. Let Xi X2 be maps of smooth schemes such that Xi Xy X2 is also smooth. 

Then the canonical maps are equivalences 

ViXi) ViX2) ^ V{Xi Xy X2). 

Proof. The tensor product of X'(F)-modules can be calculated (|Ij4i 5]) as the geometric realization 
of the two-sided bar construction f [L3[ 4.5]), the simplicial category with fc-simplices 

P(Xi) ® V{Y) ■ • ■ ® V{Y) ® ViX2), 

where the factor 'D{Y) appears k times and the maps are given by the X'(y)-module structures in 
the usual pattern. Note that by Theorem 13.91 we can rewrite the fc-simplices in the form 

V{Xi xY X ■■■ xY X X2). 

Let j : Xi Xy X2 Xi x X2 be the natural closed embedding. Then the pushforward 

J, :P(Xi XYX2)^ViXixX2) 

and its analogues 

V{Xi XYX2) ^ V{Xi xY X---XY XX2) 

for higher simplices provides a lift of the above simplicial category to a split augmented simplicial 
category. To see this, one uses base change and Kashiwara's lemma: for a closed embedding j and 
a IJ-module OJl, the natural adjunction 9Jl is an equivalence. 

Finally by |Lli Lemma 6.1.3.16], in any 00-category, split augmented simplicial diagrams are 
colimit diagrams. In other words, T){Xi Xy X2) is identified with the colimit T>{Xi) ®t:>(y) T){X2) 
of the diagram. □ 

Theorem 3.15. Let f : X ^Y be a map of schemes. Then X'(X) is a self-dual module overT>{Y). 
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Proof. By Theorem 13. 141 we have a canonical equivalence 

'DiX) ®T)(Y) T^iX) ~ V{X Xy X). 
Thus we can define a unit and counit by the correspondences 

u = A,/t : V{Y) V{X) ®T,(Y) V{X) 

c - /,At : V{X) ®T,^Y) V{X) ^ V{Y) 
where IS. : X ^ X Xy X is the diagonal. 

We must check that the following composition is the identity 

V{X) V{X) V{X) ®r>iY) V{X) V{X). 

Consider the following commutative diagram with Cartesian square: 

X ^XXyX^^X 



A 



idi XA23 



X-^XxyX^^^^^^XxyXxyX 
Using standard identities for composition and base change, we calculate 
(id ®c) o (u (g) id) = 7ri+(idi X A23)'''(Ai2 X id3)*7r| 
~ TTi* A*A'''7r| 



□ 



By the general P-module formalism of base change and the projection formula, we can construct 
linear functors out of integral kernels. Namely, for maps of schemes Xi ^ Y ^ X2, there is a 
canonical map 

XyXa) -^Fun2,(y)(P(Xi),2?(X2)) m^n^Mi')®^) 

Our preceeding results immediately imply that the above map is an equivalence, and thus iden- 
tifies integral transforms with linear functors. 

Corollary 3.16. Let Xi ^ y <— X2 be maps of smooth schemes. Then the natural maps are 
equivalences 

V{X, Xy X2)^V{X^)®T,(Y) V{X2) ~¥nnr,(Y){V{X^),V{X2)). 

4. D-MODULES ON STACKS 

4.1. Basic properties. By a stack X, we will always mean a quasi-compact stack with affine 
diagonal. Throughout this paper, we will also always assume that X is smooth. The fundamental 
references for equivariant derived categories and 2?- modules on stacks are Bernstein-Lunts pL, , and 
Beilinson-Drinfeld |BD[ Chapters 1 and 7]. 

Given a smooth stack X, we can choose a smooth cover [/ — > X by a smooth scheme, and consider 
the induced Cech simplicial smooth scheme U<, ^ X. (Note that this provides an unambiguous 
notion of dimension: dimX = dim Uq — dim Ui.) By definition, the 00-category of P-modules on X 
is the limit (totalization) in the cxD-catcgory St of stable presentable 00-categories of the cosimplicial 
stable presentable 00-category of 2?-niodules on the simplices 

V{X) = limP(C/,) e St 

where the diagram maps are the puUbacks cr^ along the face maps a. Note that by LI, Proposi- 
tion 5.5.3.13], a small limit can be calculated in the 00-category St (which in turn is a full subcategory 
of Vr closed under such limits), or equivalently as a limit of plain 00-categories. An object of 'D{X) 
can be represented by a collection of I>-modules on the simplices C/* that are compatible under the 
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puUbacks a'' . Standard arguments show that ^{X) is independent of the choice of covers. (See 
|BD1 Section 7.5] for a discussion in the language of ordinary derived categories.) 

Given a representable map f : X ^ Y oi smooth stacks, we have the two P-module functors /t, 
/, obtained by taking the hmits of their local analogues. The puUback /'I' is well-defined thanks to 
the composition identity cr^/^ ~ /^cr^. The pushforward /* is well-defined thanks to the base change 
identity cr^/* ~ /*(t^. They can be calculated by applying their local analogues term by term to 
the cosimplicial categories. As morphisms in the cx)-category St, the functors , /* are continuous. 
They also satisfy the usual local properties such as base change. Note that the shift functor can 
also be applied locally on the simplices, and the shifted puUback /■ = /'^[2(dimX — dimy] can be 
obtained by shifting by the relative dimension locally on the simplices. 

By a coherent or holonomic P-module on a stack X, we mean an object VJl G T>{X) such 
that for any smooth map u : U ^ X from a smooth scheme U , the puUback w^OJl is coherent 
or holonomic respectively. (Note that this is consistent since smooth puUbacks between schemes 
preserve coherence and holonomicity. ) The subcategories Vhoi{X) C VcohiX) C 'D{X) are identified 
with the hmits of the cosimplicial oo-categories Vhoi{U*) C VcohiU^) C 2?(J7*) respectively. Given 
a representable map / : X — > F of smooth stacks, and preserve holonomicity, preserves 
coherence when / is smooth, and /* preserves coherence when / is proper. 

Recall that for a smooth scheme J7, we have Verdier duality D^/ : T>cohiU) ~ VcohiU)^ . It is 
convenient to introduce the normalized duality D'^ = [— 2dim[/] o Djy ~ Dj/ o [2dim[/] so that 
Wjj o ~ id and for example Wjj{Ou) — Ojj- Then for a smooth morphism f : U ^ V the 
normalized duality commutes with puUback f^W^j = Dy/^- As a result, on a smooth stack X, the 
normalized duality descends to an equivalence 

We will write Dx for the Verdier duality obtained by once and for all shifting back the normalized 
duality into the usual degree Djf ~ [2 dim X] o . Note that this shift is not given locally by 
shifting by twice the dimension of simplices but always by twice the total dimension. 

Finally, given a representable map f : X ^ Y oi smooth stacks, one defines functors on holonomic 
P-modules by the usual formulas 

/, = Dy o /, o Dx r^Bxofo By 

They satisfy the usual adjunctions with adjunction maps given by the limits of the compatible 
adjunction maps for the simplices of a given Cech cover. 

4.2. Holonomic stacks. When working with P-modules on stacks, one must struggle with the 
failure of Proposition 13.51 Coherent and in particular holonomic X'-modules may no longer be 
compact. 

Example 4.1. The structure sheaf Ox, while always holonomic, is not necessarily compact. For 
example. Ox is compact when X is a scheme, but not compact when X — BG = pt/G, and G is a 
(nontrivial) reductive group. Equivalently, the functor of global flat sections on BG, in other words 
equivariant cohomology, is not continuous even for G the multiplicative group. More generally, finite 
rank vector bundles with flat connection are holonomic but not necessarily compact. 

Definition 4.2. The oo-category VhoiiX) G St of holonomically generated V-modules is the full 
subcategory of'D{X) generated under colimits by VhoiiX). 

In general, VhoiiX) is not equivalent to the ind-category IndLVhoiiX) since holonomic I?-modules 
are not necessarily compact. More precisely, Vhoi{X) is the localization Ind-jiVhoiiX), where TZ is 
the collection of small diagrams that are colimit diagrams in Vhoi {X) (see Remark [2.4p . Nevertheless, 
as the following discussion establishes, the rich functoriality of holonomic I?-modules extends to 
holonomically generated X>-modules. 
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Proposition 4.3. For any representable map f : X —>Y of smooth stacks, there are adjoint pairs 

of continuous functors {f*,f*) and {f\,f') on holonomically generated D-modules, extending their 
counterparts on holonomic D-modules. Moreover, f* and fi are proper. 

Proof. The four functors are all continuous on holonomic I?-modules: as mentioned above, /' = 
/^[2(dimX — dimy] and /* are continuous on all X>-modules; on holonomic f-modules, /* and f\ 
arc left adjoints and hence continuous. Thus all four functors extend canonically and continuously 
to holonomically generated P-modules and retain all adjunctions. 

The functors /* and f\ have the continuous right adjoints /* and /' hence are proper. □ 

Remark 4.4. A curious nonexample is when X = BG = pt/G, where G is an afline algebraic group 
(of characteristic zero), and Y = pt. Then (as long as G is not trivial) the projection BG —> pt is 
not representable, though one can check that the I?-module pushforward is continuous. 

This may look like a paradox since we have asserted that the structure sheaf Obg is not a compact 
object of 'D{BG). In other words, the assignment of flat sections 

SOTh^ Homc._.(G)(C,9Jl) 

to a P-module on BG does not preserve colimits. (Here we identify P-modules on BG via descent 
with modules over the "group algebra" C_»(G') of chains on G.) To resolve this paradox, one 
should also remember that there is no adjunction available here to calculate the pushforward, and 
so even for holonomic ©-modules, the pushforward has less to do with flat sections than one might 
have guessed. Indeed, unwinding the definition, we see that the pushforward is calculated as the 
coinvariants 

rather than as the invariants. 

Definition 4.5. A smooth stack X is said to be holonomic if the canonical inclusion V^oiiX) C 
^{X) is an equivalence, or in other words, if every V-module is a colimit of holonomic D-modules. 

For holonomic stacks, the rich functoriality of holonomic D-modules extends to all D-modules. 

Corollary 4.6. For any representable map f : X ^ Y of holonomic stacks, there are adjoint 
pairs of continuous functors {f*,f*) and {f],f') on all V-modules, extending their counterparts on 
holonomic V-m,odules. Moreover, f* and f\ are proper. 

4.3. Finite orbit stacks. To guarantee an easy supply of compact objects, we will restrict to a 
specialized context adapted to our applications. 

Definition 4.7. A finite orbit stack is a quotient stack Z/G, where Z is a smooth quasiprojective 
variety, and G is an affine algebraic group that acts on Z with finitely many orbits. 

Favorite examples include classifying stacks BG = pt/G of affine algebraic groups, and double 
quotient stacks P\G / P, whore G is a reductive group, and P C G is a parabolic subgroup. 

Remark 4.8. Coherent and holonomic D-modules on finite orbit stacks coincide, since the singular 
supports of G-equivariant D-modules on Z are contained in the union of conormals to the G-orbits 
and the conormals are Lagrangian. 

Proposition 4.9. Let Z/G he a finite orbit stack. Then T>{Z /G) is compactly generated by holo- 
nomic objects, and all compact objects are holonomic. In particular, Z/G is a holonomic stack. 

Proof. We argue by induction on the number of orbits of G acting on Z. 

Suppose there is a single orbit so Z = BH where H cG is the stabilizer. By descent, we have a 
canonical equivalence 

V{BH) - Modc_,{H) 

where C-*{H) denotes the group algebra of singular chains on H with its natural convolution 
product. The regular module G-*{H) itself provides a compact holonomic generator. 
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In general, suppose there are two or more orbits of G acting on Z. Choose a nonempty open 
collection of orbits i : U Z/G whose complement is a nonempty closed collection of orbits 
j : V ^ Z/G. Then as explained in [B], any object OJl G 'D{Z/G) fits into an exact triangle 

j, j'971 — ^ m ^ ij'^m 

By induction, this immediately implies that D^Z/G) is generated under colimits by holononiic 
objects, and so Z/G is a holonomic stack. Thus we have the functoriality of Corollary 14.61 

Now by induction, both V^U) and 'D{V) are generated by compact holonomic objects. By 
Corollary 14. 6i ji ~ j* is proper and form an adjoint pair. Thus to find a compact holonomic 

object ^ S 'D{Z/G) such that Hom25(2/Q)(.S, 9^ 0, it suffices to assume 

By induction, we can choose a compact holonomic object G T^{U) with Homx)((7)(.^t/, ?^ 
0. Then by Corollary 14. 6( i\Ru is compact, and since the natural morphism i\^u — > i„Ru i*9Jl is 
nonzero on ?7, we conclude Homxi(2/G) (ii^S;/, 9^ 0. 

Conyersely, since we haye a collection of holonomic compact generators, all compact objects are 
finite colimits of holonomic objects and hence holonomic themselyes. □ 

We can restate the proposition as asserting that T>(Z/G) ~ IndVcptiZ/G) where T>cpt{Z/G) C 
T^hoi{Z/G) consists of compact objects. 

Now with compact generators in hand, we will focus on Verdier duality and its implications. 
Recall from Section r2. 3. fl the notation C = Ind(C^j) for the restricted opposite. 

Proposition 4.10. On finite orbit stacks Z/G, Verdier duality on holonomic V-modules extends 
to a canonical equivalence ^z/G '■ 'D(Z/G) ~ V^Z/G)' , and exhibits V^Z/G) as self-dual over 
V{pt) ~ Mode. 

Proof. Verdier duahty D^/g : Vhoi{Z/G) Vhoi{Z /G)^ is an equiyalence, hence preseryes all 
colimits. Thus it agrees on all holonomic objects with its canonical continuous extension from 
compact objects Vcpt{Z/G) C Vhoi{Z/G) to the ind-category V[Z/G) ~ IndV^ptiZ /G). 

Finally, Proposition 13. 131 immediately establishes the self-duality. □ 

We also haye the familiar local formula for morphisms out of a compact 2?-module. 
Proposition 4.11. For a finite orbit stack Z/G. we have 

Homi,(z/G)(9K,DT) ~ ^^Dz/claH) ® dim Z/G], for M £ I?cpt(Z/G)^, 91 £ I?(Z/G) 
where tt : Z/G — > pt. 

Proof. The proof is a similar induction to the proof of Proposition 14.91 We adopt the setup and 
notation introduced there. 

The case of a single orbit BH follows from the identification 'D{BH) ~ Modc_4//) . The assertion 
is immediate for the algebra G-^:{H), and eyery compact object is a finite colimit of copies of it. 

In general, we haye seen that any compact object is a finite colimit of compact objects of the 
form j\Av — j*^v and i\M.ij. By standard identities and induction, the assertion is immediate for 
such objects, and so follows for all finite colimits of them as well. □ 

Theorem 4.12. Let Zi/Gi, Z2/G2 be finite orbit stacks. Then we have canonical equivalences 
P(Zi/Gi) P(Z2/G2) ^ V{Zi/Gi X Z2/G2) ^ Fun(P(Zi/Gi),P(Z2/G2)) 

Proof. Thanks to the compact objects of Proposition 14.91 the equiyalence of the tensor product 
category with P-modules on the product is similar to Theorem 13.91 and we leave it to the reader. 
By Proposition 14.101 ^{Xi) is self-dual and so the tensor product is equiyalent to the functor 
category. □ 
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4.4. Functoriality over classifying stacks. In this section, we study the structure of equivariant 
categories of P-modules as modules over D- modules on classifying stacks. In Proposition 14. 151 we 
establish the self-duality of the cxo-category of I?-modules I?(Z/G) on a finite orbit stack Z/G as a 
module category over V{BG). 

As a consequence, we will immediately obtain the following. 

Theorem 4.13. Let Z/G be a finite orbit stack. Then 'D[Z /G) is canonically self-dual as a T)(BG)- 
module category, and so for any T){BG) -module category A4, there is a canonical equivalence 

V{Z/G) ^T,^BG) M ^ Funp(SG)(2?(^/G),A^). 

When A4 consists of V -modules on a stack Z'/G, the above equivalence is realized by the usual 
formalism of integral transforms. 

To clarify the argument, we adopt the notation Y — BG, X = Z/G. The crucial feature of the 
equivariant setup is that the diagonal map of the base Y is smooth. 

Given two such finite orbit stacks Xi, X2, consider the natural product morphism 

TT : Xi Xy X2 ^ Xi X X2. 

Since tt is a base change of the diagonal of F, it is a smooth and afhne morphism. Note that tt is a 
fibration with fibers (non-canonically) isomorphic to G. 
Consider the adjoint pair of functors 

TT* : V{Xi X X2) = Vhoi{Xi X X2) ^ VhoiiXi Xy X2) : ^, 

Note that 'D{Xi x X2) is compactly generated, and tt* is proper, hence tt* is continuous. 

Let T — 7r,7r* be the resulting monad acting on 'D{Xi x X2). The action of T is equivalent to 
tensoring with the commutative algebra object 

AxixyX2 = 7r*OxixyX2 G T^{Xi x X2) 

of cochains along the fibers, with the commutative algebra structure determining the monad struc- 
ture. Note that the fiber of this algebra at any point is (non-canonically) isomorphic to the algebra 
of singular cochains C*(G). 

Passing from Xy X2) to its monadic image Mod^ loses a great deal of information, so we 

cannot hope to recover P-modules on Xi Xy X2 from the algebra AxixyX2- However, the algebra 
does capture the relative tensor product of P-module categories. 

Proposition 4.14. There is a canonical equivalence 

V{X,) V{X2) ^ Mod^,^,^,^(P(Xi X X2)). 

Proof. We will calculate both sides as geometric realizations of simplicial stable categories that we 
can compare. 

On the left hand side, the tensor product of X'(F)-modules is defined f [L41 5]) as the geometric 
realization of the two-sided bar construction (IL31 4.5]), the simplicial category with fc-simplices 

V{Xi) (g) V{Y) (E)---(g) V{Y) ® V{X2), 

where the factor 'D{Y) appears k times. So its initial terms have the form 

V{Xi) V{X2) 1 V{Xi) eg) V{Y) V{X2) ^= V{Xi) ® V{Y) V{Y) (g) V{X2) ■■■ , 

and the maps are given by the P(y)-module structures in the usual pattern. 

For the right hand side, observe that the fiber product Xi xy X2 is the totalization of the 
cosimplicial stack with fc-cosimplices 

Xi xY X ■■■ xY X X, 
where the factor Y appears k times. So its initial terms have the form 

Xi X X2 Xi xY X X2 =^ Xi xY xY X X2--- 
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and the maps are induced by the maps Xi, X2 — > Y and various diagonals. 

Since tt is smooth, we have tt* ~ tt''', and so by base change, the monad T = tt^tt* is equivalent 
to the composition i^ii* coming from the initial maps of the above diagram. 

By a repeated application of Theorem 14.121 we see that such modules are calculated as the 
geometric realization of a simplicial category with the same /c-simplices 

V{Xi) (g, V{Y) ® • • • V{Y) (g) V{X2) 

as above for the tensor product category. Moreover, it is straightforward to check that the simplicial 
structure maps in both cases are also identified. Thus the geometric realizations of the two simplicial 
categories agree. □ 

Now let us specialize to a single finite orbit stack f: X^Z/G^Y^ BG. 

Proposition 4.15. The 00-category T>{X) is self-dual as a V{Y)-module. 

Proof. By Proposition 14. 141 we have a canonical equivalence 

V{X) ®j,(Y) -DiX) 2, ModA,^^, {V{X X X)). 
In addition, the adjoint pair of functors (vr*, tt,) induce an adjoint pair of functors 

r : Mod^^,^^ {V{X X X)) ^ Vhoi{X Xy X) 

-.VhoiiX XY X) ^ModA^^^^iViX X X)). 
Using the above functors, we can define a unit and counit by the correspondences 

u ^ S-,A,/t : V{Y) V{X) (E)v(Y) V{X) 

c = f.A^r : V{X) ViX) ^ V{Y) 

where A : X ^ X Xy X is the relative diagonal. Recall that tt is smooth, hence tt* ~ tt^ , and hence 
the composition A^tt* is not as strange as it may appear. 

We must check that the following composition is the identity 



V{X) 



T^iX) ®v{Y) T^iX) (g,viY) V{X) 



id (giT 



V{X). 



Consider the following commutative diagram: 

A 



X 



X 



■XXy X- 



X Xy X 



A 12 X ids 



idi X A23 
■X XyX XyX 



X X X 



Ai2Xid3 

Pass to C-modules to obtain the following commutative diagram 

V{X) ^ VholiX Xy X) 

A* (idixA23)* 
^ (Aiaxids). ^ 

VholiX XyX) ^Vhol{X XyXXyX^ 



ModA, 




ModA^ 




{V{X X X)) 

(idixA23)'^ 
{V{X XX XX)) 



First, thanks to the commutativity of the diagram (and the resulting compatibihty of the corre- 
sponding monads), we have the identity 

7f*(Ai2 X ids), - (Ai2 X ids),?!-,, 

and in addition, since tt* = tt^, we also have the identity 

(idi X A23)^r ~ r(idi X A23)^ 

Second, let S : X ^ X x X x X he the total diagonal. Within Mod^^^^^^^^ x X x X j), 

we have an equivalence of commutative algebra objects 

6,Ox ^ (Ai2 X id3)*^X 

which is the monadic image of the underlying statement on stacks, describing the small diagonal as 
a fiber product of the large diagonals. 

Therefore we have the enhanced base change identity (following two arcs of the circumfenerence 
of the above diagram) 

r (idi X A23)t(Ai2 X idg),^, ~ A,At 

for functors V{X Xy X) ^ V{X Xy X). 

Putting the above together, we have equivalences of functors 

(id (X)r) o (u (g) id) — 7ri,(idi x A23)^7i-t7r,(Ai2 x id3),7r| 

~ 7ri,7r'i'(idi X A23)t(Ai2 x id3),7r,4 

~ 7ri,A,At7r2 

— idr)(x)- 

□ 

The assertion of Theorem 14.131 is an immediate consequence of the above proposition. 

5. Hecke categories 

In this section, we consider the homotopical algebra of monoidal categories arising from corre- 
spondences. Adopting the familiar name from representation theory, we refer to such monoidal 
categories as Hecke categories. 

Our main interest is in the Hecke category V{P\G / P) of 2?-modules on the double quotient stack 
of a complex reductive group G by a parabolic subgroup P C G. If we write X = BP, Y = BG for 
the corresponding classifying stacks, then we can realize P\G/P as the fiber product X Xy X. The 
main technical features of this setup are the following: 

(1) X,Y and X Xy X are finite orbit stacks. 

(2) The morphism p : X —> Y is smooth and proper. 

(3) The diagonal S : X ^ X x X is smooth. 

The main consequence of the above is that we have a sufficient arsenal of duality and adjunctions. 

After a brief introduction to convolution categories, we will thereafter restrict our attention to 
morphisms of stacks p : X Y satisfying the above very restrictive conditions. To reduce clutter, 
when it is convenient, we will denote the Hecke category hy TC — V{X Xy X). 

5.1. Convolution. To begin, let p : X ^ F be an arbitrary representable morphism of smooth 
stacks. Consider the convolution diagram 

X XyX Xy X 




X Xy X X Xy X X Xy X 

Equip I?(Ar Xy X) with the monoidal product defined by convolution 
m : V{X Xy X) ® V{X Xy X) V{X Xy X) 
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Similar diagrams provide the usual associativity compatibilities of an algebra object. The unit 
is given by the pushforward u^,Ox along the map u : X ^ X xy X induced by the diagonal 
6 : X ^ X X X. By construction, the natural map 

V{X XyX) ^Funi,(y)(P(X),P(X)) 

is monoidal where the endofunctor category is equipped with the usual composition product. 

We will hereon specialize to a specific situation of interest in representation theory. First, we will 
assume that X, Y, and X Xy X are finite orbit stacks. Next, we will assume that the morphism 
p : X ^ Y is smooth and proper. Finally, we will assume that the diagonal S : X X x X is 
smooth. The latter assumption is very restrictive but satisfied for classifying spaces of smooth group 
schemes. The motivating example is when Y = BG is the classifying stack of a reductive group, 
and X = BP is the classifying stack of a parabolic subgroup. Then p is proper with fibers G/P, 5 
is smooth with fibers P, and X Xy X is the double quotient stack P\G/P. 

Observe that if p is proper then pi^ is also proper (it is a base change of p), and if 5 is smooth 
(note that its relative dimension will be — dimX), then pi2 x p23 is also smooth (it is a base change 
of 5). 

With the above assumptions, we have the following flexibility in how we write the convolution 
product. Conjugating by the shifted Verdier duality D' = ]D>xx5^x[— 2 dimX], we can equip TL ~ 
T>{X Xy X) with an alternative convolution product 

^ P13!(P12 Xp23)'(SOtK01)[2dimX] 

^ pMpi2xp23)*{m^m). 

Our assumptions imply we have an equivalence 

m(97l,D1) =pi3,(pi2 xp23)^(97tK^) -Pi3!(pi2 X P23)* {TIM ^) ^ m' {m,^) 

between the two convolution products. In particular, we can explicitly construct left and right 
adjoints to m ~ m' by the following formulas 

mTim) ~ (pi2 X P23)*Pi3(2n) m\m) ~ (pi2 X p23)!Pt3(»^)h2dimX]. 

To interpret these as objects of the tensor product category, we use Theorem 14.121 to obtain the 
identification 

V{X Xy X X X Xy X) ~ V{X Xy X)®V{X Xy X). 

Finally, note as well that the convolution functor is proper, since by Proposition 14.31 it is the 
composition of proper functors. 

5.2. An invariant form on the Hecke category. The shifted Verdier duality 

= ID)xxyx[-2dimX] 

provides an equivalence VcptiX Xy X) ~ VcptiX Xy X)^ which tautologically extends to an equiv- 
alence of the ind-category 

n = V{X Xy X)^ IndV^ptiX Xy X) 

with its restricted opposite 

H' = V{X Xy X)' = lnd{Vcpt{X Xy X)^). 

Note that the opposite label •(> refers to the category structure not the algebra structure. By con- 
struction, the duality intertwines the two convolutions m and m! (viewed as continuous extensions 
of convolution products on VcptiX Xy X) and VcptiX Xy X)^ respectively). Since we have an 
equivalence m ^ m' , the duality 7i ~ W is an equivalence of algebras. 
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Next consider the swap involution 

a : X Xy X ^ X Xy X a{xi,Py,X2) = {x2,Py^,xi) 

where is the path py traced in the opposite direction. The induced equivalence on 2?- modules 
intertwines the algebra structure and the opposite algebra structure 

Finally, consider the composite of the duality and swap involutions 

L =B' oa ■.n^H''°P. 
It intertwines the algebra structure and the opposite algebra structure. 
Proposition 5.1. For £, 971, G Ti-cpt there are functorial equivalences 

Romn (£ ★ OT, fyi) ~ Hom^ (£, t(9Jl) ★ m) 
Romu (OT ★ £, fn) ~ Hom^^ (£, OT ★ ) 

monoidal in 9Jt. 

Proof. We will prove the first equivalence, the second follows by duality. 
It suffices to establish a functorial equivalence 

(1) Hom7i(OT,fn) ~ Hom^^(u!Ox,i(9K)*DT) 

where the pushforward u\Ox — u^Ox along the map u : X ^ X Xy X is the monoidal unit. 
Consider the following diagram with Cartesian square 

X Xy X ^X — ^pt 



(TXid 



P12 Xp23 



P13 



X Xy X xX Xy X < — X xy X xy X X xy X 

Starting with ^(SOT), 91 G Ticpt, the right hand side of Equation ([!]) can be calculated as follows 

}iomH{u\Ox,i{M)i^% ~ Homi,(x)(0x,u'(t(M)*Ol)) 

~ Homp(x)(Ox,(tiW(Pi2 xp23)^WOT)K01))) 

- Homp(x)(Ox, (utpi3,(pi2 X P2z)^{t{m) m %))[2d] 

where d denotes the relative dimension dmiX — dim(X xy X). 

Similarly, observing that the diagonal map A : X Xy X ^ X Xy X x X Xy X can be rewritten 
as (cr X id) o [pi2 X P23) o [a x id), the left hand side can be calculated 

Hom^(ajl,fn) ~ Hom^(OxxrX,(]D'97l[-2dim(X Xy X)] ®9T) 
~ }iomn{p20x,A\Bm[~2dim{X xy X)]Mm)) 
~ Homi,(x)(C3x,J52*((^T X id)t(pi2 X p23)t(i(97t)[2d] H 91))) 
~ Homp(x)(Ox,P2*((^ X id)t(pi2 X P23)H^m ^ 9T)))[2d]. 
The assertion now follows by base change. □ 
5.3. Adjoints to convolution. Recall that we have an equivalence 

m(9n,9t) =pi3,(pi2 xp23)^(»tH0i) ^pi3'.iPi2xp23)*{onM^) = m\m,m) 

between the two convolution products and that we used it to construct left and right adjoints to 
m ~ m' by the following formulas 

m'-(9K) ~ {pi2 x P23)*Pi3(2rt) rn'm ~ {pu x p23)!Pl3(97t)[-2 dimX]. 

Our aim in this section is to compare the above adjoints with the canonical map given by left 
convolution 

L : H ^ FvLii{H,H) i-^ Lot(-) = SOT ★ (-). 
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Recall that Proposition 13.131 provides an identification between the monoidal dual oi H = 
IndVcptiX Xy X) and its restricted opposite H' = lnd{T>cpt{X Xy X)"^), and hence we have 

Fun(H, n)^n' ® n. 

By construction, an external product of compact objects 9Jl H corresponds to the functor 

H^H £ 1^ Hom(OT, £) (g) m. 

We will use the shifted Verdier duality D^^^^OT = BxxYxTl[-2dim{X Xy X)] to define a 
further identification 

By construction, under the above identifications, an external product of compact objects 971 9T 
corresponds to the functor 

£ t-^ Hom(D^x^x(9}t),£) ® «H 

We will need the following straightforward lemma. 

Lemma 5.2. Suppose a functor $ corresponds to a kernel then there is a functorial equivalence 

}iomn{TtMm,M.) c± Homx,(xyx)(^, *(D'(SW)) 

Proof. It suffices to check the assertion when R is an external product of compact generators and 
9Jl, are compact generators. This is straightforward. □ 

Now we can compare the left convolution to the adjoints to convolution. 
Proposition 5.3. Consider the functor 

sending a V-module fDt to the kernel representing left convolution 

Then we have a canonical identification of the right adjoint to convolution 

~ [-2dimX/y](CT X id) o fc. 

Proof. Given compact generators 9Jl, G Hcpt, it suffices to establish a functorial identification 

RomviMMm, (a x id)(fc(£))[-2dimX/r]) ~ Homi, (OT * ^R, £) , 

and it suffices to establish this identification for compact £ € Ti-cpt (since convolution is proper, and 
hence all our functors are continuous in £). Note that the left hand side can be rewritten in the 
form 

Homi, (OT H 91 , (ct X id) (fc (£) ) [- 2 dim X/ r] ) ~ Homp (cr(S!rt) K 0^, fc (£) ) [- 2 dim X/ F] . 

Now by the previous lemma we have a functorial equivalence 

Homi,(cr(9Jl) HDT,/c(£)) ~ Homp (^n, £★ (t(D'971)) 

~ Homp(fn,£*t(OT))[2dimX/F]. 

And by Proposition 15.11 of the previous section we have a functorial equivalence 

Homp {m, £ * t(9Jl) ) ~ Homp (9Jl * m, £) 

□ 
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5.4. Abelianizations and Centers of Hecke categories. In this section, we construct a canon- 
ical equivalence between the abelianization Ab{H) and center Z{TL) of the Hecke category Ti. The 
proof relies on the following consequence [Lli Corollary 5.5.3.4] of the cxj-categorical adjoint functor 
theorem: there is a canonical equivalence 

between the opposite of the cx)-category Vr of presentable oo-categories with morphisms left adjoints 
and the oo-category Vr^ of presentable oo-categories with morphisms right adjoints. In other words, 
we can reverse diagrams of presentable oo-categories, in which the functors are all left adjoints, by 
passing to the corresponding right adjoints. 

Theorem 5.4. There is a canonical equivalence 

Z{H) ~ Ab{n). 

Proof. As explained in Section [2.4.1l the abelianization Ab{H) is the colimit in Vr of the simplicial 
category given by the Hochschild simplicial category 

with chain maps given by multiplication maps in the usual cyclic pattern. This colimit can be 
calculated as the limit in Vr^ of the cosimplicial oo-category with rt-cosimplices 

with cochain maps given by the right adjoints to the Hochschild chain maps. Recall by [LI , Theorem 
5.5.3.18], a small limit in Vr^ can be calculated as a limit in the oo-category of oo-categories. 
On the other hand, the center Z{H) is the limit in Vr of the Hochschild cosimplicial category 

N^,,(H)^Fun(7^«",7i) 

with cochain maps derived from multiplication maps in the usual pattern. Recall as well that 
by [Ll|, Proposition 5.5.3.13], a small limit in Vr can be calculated as a limit in the oo-category of 
oo-categories. 

We have seen that the monoidal dual of Ti. is the ind-category Ind(7i^(), and that Verdier duality 
provides an equivalence I} : H ~ H' . For each n, twist D by the involution a to obtain 4 = 0-0©, 
and consider the resulting term-wise equivalences 

N^f=(H) ^H®''®n {u')®^ ® H Fun(H®", H) = ^%,{n) 

Proposition 15.31 implies that under the above equivalences, the Hochschild cochain maps are the 
right adjoints to the corresponding Hochschild chain maps. Thus the colimit of the Hochschild 
chain complex and the limit of the Hochschild cochain complex are canonically identified. □ 

5.5. Two-dimensional field theory. In this section, we show that the Hecke category Ti satisfies 
the requirements of the two-dimensional oriented cobordism hypothesis as formulated by Lurie 
in [L5]. 

Recall that the center Z{Ti.) comes equipped with a monoidal structure and a monoidal functor 
3 : Z{H) H that underlies the central action. In particular, 3 takes the monoidal unit of Z{Ti.) 
to the monoidal unit of Ti. Recall that the monoidal unit of Ti. is given by u\Ox = u\'K*Cpt where 
u : X ^ X Xy X is the relative diagonal, and n : X ^ pt is the projection to a point. In summary, 
we have a commutative diagram of monoidal functors 

U}7T* 

Vect ^ Z{H) Ti. 

We next introduce a dual structure on the abelianization Ab{Ti). It will be induced by the functor 

T -.Ti^ Vect t(971) = n^u Tl. 
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Note that on compact objects, r is given by pairing with the unit 

t($H) ~ Homw(M!Ox,OT), 
and in general, r is the continuous extension of this pairing to all of 71. 

Proposition 5.5. The Junctor t : H — > Vect is a trace: there is a canonical factorization of t 
through a functor f on the abelianization 

T 

n ^^^^Ah{n) Vect . 

Moreover, t is -invariant with respect to the canonical cyclic structure on Hochschild homology. 
Proof. By Proposition l5.ll on compact objects, the functor t is invariant under cyclic permutations 

r(9Jt*01) ~r(01*9Jl), 

hence also on all objects by continuity. More generally, we can extend r to a functor from the 
cyclic bar construction NS^'^(7Y) to the constant simplicial category Vect. On the compact objects 
of the n-simplices, we define 

r„(5mi (g) • • • (g) a7l„+i) = 7r,u'($mi ★ • • • ★ 07l„+i) 

and extend by continuity. It is straightforward to check the requisite compatibilities with the face 
and degeneracies by the unit property and Proposition 15. II In fact, it is no more difhcult to check 
that r» extends to the cyclic category underlying the simplicial category N*^'^. Passing to the 
colimit, we obtain the sought-after functor r : Ah{T() Vect. The fact that r» respects the cyclic 
structure on N^**^ fSection l2.4.2p implies that r is S'^-invariant. □ 

We will now consider dualizability properties of the Hecke category Ti as an object of a certain 
(oo, 2)-category. Recall that St denotes the oo-category whose objects are stable presentable cxo- 
categories and whose morphisms are continuous functors. We will now introduce the (oo, 2)-category 
in which we wish to consider H.. (In the notation of (L5i Section 4.1], we will consider A/g(i)(S't), 
but with its canonical enrichment as an (oo, 2)-category.) 

Definition 5.6. The symmetric monoidal (oo, 2) category 2Alg consists of the following: 

• objects: algebra objects in the oo-category St of presentable stable oo- categories; 

• 1-morphisms: bimodule categories; 

• 2-morphisms: functors of bimodule categories. 

In other words, objects of 2Alg are stable presentable monoidal (oo, l)-categories. For two objects 
A,B, the morphisms Y{oTa.2Aig{A, B) form the (oo, l)-category of stable presentable A-S-bimodule 
(oo, l)-categories. The tensor product A ® B is the usual tensor of stable presentable (oo, 1)- 
categories. The unit is the stable presentable monoidal (oo, l)-category Vect. 

Any object A G 2Alg is dualizable with dual the opposite algebra A°'p . The regular A-A°P- 
bimodule A thought of as a Vect (^{A® A°^)-bimodule gives both the unit and trace 

Vect — ^ A ® A°P — ^ Vect 

satisfying the usual duality identities. 

Before preceding, let us collect some of the relevant properties of the Hecke category H that have 
appeared in previous sections. Recall that we write H' for the ind-catcgory Ind(7i^j) with compact 
objects the opposite of the full subcategory of compact objects of H. Then Ti as an object of the 
symmetric monoidal oo-category St satisfies the following: 

• 7i is dualizable with dual Ti': there are canonical functors 

Vect n®n' Vect 



satisfying the usual duality identities. 
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• The involution l = W o a gives an equivalence of monoidal categories 



We will use the above to show that Ti is in fact & fully dualizable object of the symmetric monoidal 
(oo, 2)-category 2Alg. We restate the definition of this notion in a form specialized to the current 



Definition 5.7. (1) 'L5' Proposition 4.2.3] A fully dualizable object of 2Alg is an object A such 
that the evaluation morphism evA '■ A A°p — + Vect has both a right and a left adjoint. 

(2) [L5[ Definition 4.2.6] A Calabi-Yau object of 2Alg is an object A with an S^-invariant func- 
tional Ab{A) = A (!S)A(g}A'>p A — > Vect which is the counit of an adjunction between cva and cocva- 

Now the main result of this section is the following. 

Theorem 5.8. The Hecke category Ti is a fully dualizable Calabi-Yau object of2Alg. 

Not only is H fully dualizable, but recall that it is also self-dual: 

• 7i is equivalent to the opposite algebra: there is a canonical equivalence 



compatible with the functors u-j-c, cu, and i. 

It follows that TL is self-dual as a fully dualizable algebra: it is canonically fixed under the duality 
Z/2Z-action on 2Alg. 

Before giving the proof of Theorem 15.81 let us mention why fully dualizable Calabi-Yau objects 
of 2Alg are interesting. First, fully dualizable objects M of an (cxo, 2)-category C extend to functors 
from the framed bordism category 2Bord^^ C sending a framed point to M. The Calabi-Yau 
condition translates into 50(2)-invariance of M, allowing the theory to descend to an oriented 
field theory 2Bord°^ — > C. Furthermore, the self-duality of M translates into the 0(2)-invariance of 
M, allowing the theory to descend to an unoriented field theory 2Bord C. Thus applying the 
unoriented form of Lurie's Cobordism Hypothesis result, announced in [L5J, to the Hecke category 
Ti. we immediately deduce the following. 

Corollary 5.9. There is a unique symmetric monoidal functor Z-j-i : 2Bord —>■ 2Alg from the 
unoriented 2-bordism category to 2Alg with Z{pt) = Ti. Moreover, we have 

(1) ZT-i(S^) — Z{Ti.) — Ab{Ti.), the center and abelianizations ofH, 

(2) Zt-i{S'^) =TioTLn.fi{uiOx,u\Ox), the endomorphisms of the unit ofTC, and 

(3) Z-h{S^ X S^) = HH^:{Z{7i)), the Hochschild chain complox of the center ofTi. 

Proof of Theorem \5.^ Recall that the evaluation map cvt-c : 7i ® 7i — > Vect is given by H thought of 
as an (7i®7i°^)c><)Vect-bimodule. As our candidate for both the left and right adjoint to evji, we take 
the coevaluation morphism coev-j-c : Vect H^H given by H itself as a Vect C>5(7i® 7i°P)-bimodule. 
Observe that the two possible compositions of ew-^ and coev-u are easily calculated 



To establish that coevn is the right adjoint, we need to construct a unit Ur : Vect — > 7i (g) 7i and 
a counit Cr : H ®n(giT-i°p 'H Vect such that the following diagram commutes 



setting: 



cr : H 



coevn ° ev-j-c ~ 7i ® 7i 



ev-H o coev-H — Ti. ®n»n°p — Ab{H). 



id 




Ci,®id 



For the unit, we take the t- twisted form 



ur : Vect — ^ w — ^ n®n 
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of the unit un used to exhibit the duahzabihty of 7i as an object of St. For the counit, we take the 
cychc trace 

Cr^T : Ab{n) = n ®n®H°p W ~* Vect 

constructed in Proposition [^31 

Recall that Equation ([T]) provides a strong compatibility between the trace t : TC ^ Vect and 
the horn pairing: 



cpt • 



In other words, the two continuous functors Ti.' ®T-L ^ Vect given on compact objects by r(i(9Jt) * 
01) and C7^(9Jl, 01) = Hom(97l, 01) coincide. Thus we have the following commutative diagram, 
establishing the sought-after adjunction: 




id(8i((t®id)oM-H) 



Likewise, to establish that coev-j-c is the left adjoint to ev-u, we need to construct a counit ci 
T-L^TL ^ Vect and a unit ut, : Vect H ®n^H°T 'H such that the following diagram commutes 



For the counit, we take the t- twisted form 



■n, 



ci-.n^rL — ^ w ®n — ^ vect 



of the counit c-h used to exhibit the dualizability of Ti as an object of St. For the unit, we use the 
identification of the abelianization and center of Theorem I5.4|, and take ut to be the monoidal unit 
of the center 

ui : Vect ^ Z{H) ~ Ah{H) = H ^h^h-^ W. 

The adjunction identity for q and ug expresses the unit property of ui acting centrally on Ti. 
Recall the notations for the left multiplication functor and the corresponding integral kernel 



L-.n^ Fun(H, n) k:H^n®n 
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We will use the notation Lsjji and ks^n for the images of an object DJl G H under the two functors. 
They are characterized by the fact that we have a commuative diagram 




Suppose 3JI € ?i is central in the sense that we arc given a functor 

zm ■■ Vect Z{U) = ¥\mu®H<'p{'H,U) 

equipped with an equivalence 3(zsrrt(C)) ~ Sfl. Then the above commutative diagram descends to a 
commutative diagram 



The sought-after adjunction is then the special case of this identity when A4 is the monoidal unit 
oiZ{H). □ 

6. Character sheaves and loop spaces 

In this section, we continue our study of the homotopical algebra of Hecke categories Ti = 
'D{X Xy X). In particular, we continue with the following setup: 

(1) X,Y and X y.Y X arc holonomic stacks. 

(2) The morphism p : X ^ Y \s smooth and proper. 

(3) The diagonal 5 : X ^ X x X is smooth. 

Our aim is to relate the abolianization Ab{T-C} and center Z(7i) to the cxD-catcgory T>{CY) of 
P-modules on the loop space of Y. In general, the loop space CY , and other intermediate stacks 
appearing in the story, will not be holonomic. But the "D-modules which arise via our constructions 
will be colimits of holonomic P-modulcs. Thus we will always restrict our attention to the full 
subcategory Vhoi{CY) of holonomically generated I?-modules. This will allow us to work freely 
with the familiar collection of adjunctions and identities that hold for holonomic P-modules and 
their colimits. 

6.1. The fundamental correspondence. In this section, we set up the basic relation between 
Hecke categories and loop spaces. It is an abstraction of the horocycle correspondence from repre- 
sentation theory. 

Consider the fundamental correspondence 

CY = Y Xyxy Y CY y.YX = X Xxxy X — ^ X Xy X. 

where the maps are defined by the formulas 

n = idcy XidYP = pXpxidYP ^ = id^ x^^ idx 
where TTy : X X Y —>■ Y is the obvious projection. Note that of the three stacks appearing, only 
X Xy X is holonomic in general. Thus we have 'D{X Xy X) = T>hoi(X Xy X), but we will restrict 
our attention to VhoiiCY) and Vfioi{CY Xy X). 

We will study how much of the loop space is seen by the Hecke category H = 'D{X Xy X) under 
this correspondence. First, we define the functor 



F:V{XxyX) VhoiiCY Xy X) Vhoi{CY) 
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Since tt is proper, tti = tt*, and since S is smooth, S* ^ ^ 5'[— dimX]. Thus F coincides up to a 
shift with the functor 

F' = BoFoB:ViX XyX) V^oi {CY Xy X) Vi^oi [CY) 

We have the right adjoint 

F- : Vhoi{CY) ^ VhoiiCY Xy X) V{X Xy X) 

Conjugating by Verdier dual, we have the left adjoint 

{F'Y = BoF^oB: Vnoi{CY) Vhoi{CY xy X) V{X xy X) 

Since we have F ~ dimX], we obtain the left adjoint F^ ~ {F'Y[dm\X]. 

The adjoint pair (F, F"^) provides a monad T = F^ o F acting on 'V{X Xy X). Our initial aim is 
to describe the cxD-category of T-modules. 

Define K,{F^) to be the kernel of F^ , that is the full subcategory of objects 971 G Vhoi{t^Y) such 
that F''(9Jl) ~ 0. Define ^1C{F^) to be its left orthogonal, that is the full subcategory of T)hoi{C-Y) 
of objects m such that Hom^^^^ ^^^^ (OT, i^) ~ 0, for all J? G /C(F''). 

Observe that -^1C{F^) is stable and closed under cohmits viewed in the ambient category Viioi{jCY), 
and thus in particular closed under colimits viewed intrinsically. 

Proposition 6.1. The functor F^ induces an equivalence 

F'' : ^IC{F'') ^ ModT{V{X Xy X)) 

Moreover, the category yiodT{'D{X Xy X)) is the cocompletion of the essential image of F inside 
ofVhoiiCY). 

Proof. The functor F*" preserves colimits and its restriction to '^1C{F^) is conservative, since the 
cone of a morphism that becomes an isomorphism under F^ must lie in IC{F^) as well as '^IC{F^) 
and hence vanish. It follows that the adjunction 

F : V{X Xy X) < — > ^/C(F'') : F"" 

satisfies the monadic Barr-Beck hypotheses, so that we obtain the sought after equivalence. □ 

Remark 6.2. The Barr-Beck equivalence is very explicit. On the one hand, any object of the form 
F^(97l) is naturally a T- module. On the other hand, any T- module 01 admits a simplicial resolution 
91 ^ r(91) ■ • • with n-simplices T"(9t). This split simplicial object naturally arises by applying F^ 
to the natural simplicial object with n-simplices F(r"~^(01)). The Barr-Beck hypotheses guarantee 
that the latter simplicial object has a geometric realization and F^ takes the geometric realization 
to 91. (See 13, 3.4.10].) 

In summary, as a general consequence of the Barr-Beck theorem in the context of stable oo- 
categories, we may informally treat adjunctions of stable cx)-categories as analogues of split short 
exact sequences: the functor F admits a canonical factorization 

F : V{X Xy X) ModT(P(X xy X)) ~ ^/CIFO^ ^ AoiiCY). 

Corollary 6.3. The category yLodT{'D{X Xy X)) is the cocompletion of the essential image of F 
inside o}Vhoi{CY). 
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6.2. Hochschild shadow of the loop space. One can interpret the oo-category of modules 
ModT{'D{X Xy X)) appearing in Proposition l6.1l as the shadow of P-modules on the loop space seen 
by the light of the functor F^. Our aim here is to relate ModT{T>{X Xy X)) to the abelianization 
of the algebra 'D{X Xy X). By Proposition [Ol this will provide an intrinsic characterization of the 
image of the adjoint functor F. 

We begin with a useful reformulation of the monad T in terms of convolution. Recall that we 
have a right adjoint to the convolution product 

m'' : V{X Xy X) V{X Xy X) ® V{X Xy X) 

m'^(an) ^ bi2 xp23)*Pi3(9^) 

Let ry be the involution of the tensor product 

V{X XyX)(^ V{X Xy X) ~ V{X Xy X X X Xy X) 

induced by swapping the two factors. 
Lemma 6.4. There is a canonical equivalence 

T — F^oFc^morjo 

Proof. This is a diagram chase, using base change, from the lower left corner to the upper right 
corner of the following diagram with Cartesian squares 



X Xy X X X Xy X ■ 

P12 Xp23 

X Xy X Xy X ■ 
Pi 3 

X Xy X 



P23 XPl2 



■ X Xy X Xy X 



P13 



X Xy X 
6 



X X 



X X 



YxY 



XxY 



X 



X X 



XxY 



X 



X 



■Y X 



YxY 



□ 



Theorem 6.5. Consider the monad T = F^ o F acting on 'D[X xy X). Then there is a natural 
commutative diagram 

V{X Xy X) 



MoAt{V{X Xy X)) 



Ab{V{X Xy X)) - 

Proof. Recall that the abelianization Ab{T>{X Xy X)) is calculated as the geometric realization 
(colimit) of the simplicial category given by the Hochschild chain complex 'N';y'^{T>{X Xy X)) ~ 
V{X Xy Its boundary maps are the usual cyclic contractions given by the monoidal 

product. They are base changes of the initial two boundary maps mi2, m2i given by the monoidal 
product in the two possible orders 

TO12 XyX)(E)V{X Xy X) V{X Xy X) mi2 (OTi (g) OTz) = m{mi,mi2) 

m2i : V{X Xy X)®V{X Xy X) V{X Xy X) TO2i(9Jli (^^2) = m(Srn2,OTi) 
Now the opposite of the oo-category Vr of presentable oo-categories with morphisms left adjoints 
is the oo-category Vr^ of presentable oo-categories with morphisms right adjoints. Thus to calculate 
the colimit of a diagram of functors in Vr is the same as to calculate the limit of the diagram of 
right adjoints in Vr^ . 

Recall that the right adjoint of m, and hence mi2, is given by the usual functors 

"^12 (2^) - (Pl2 X P23)*Pl3(9^)- 
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By Lemma 16.41 the monad T is equivalent to the composition ° ^21- Now by base change, it is 
straightforward to check that the hmit over the right adjoints to the Hochschild boundary maps is 
canonically equivalent to Modr(2?(X Xy X)). On the one hand, by adjunction, any object of the 
limit is naturally a T-module. On the other hand, any T-module 01 admits a simplicial resolution 
01 <— T(01) • ■ • with n-simplices T"(Ol). This split simplicial object naturally arises by applying 
to the natural simplicial object with n-simplices F(r"^^(01)). Applying the right adjoints to the 
colimit of this object provides an object of the limit. □ 

Passing to right adjoints and using Theorem 15. 4[ we see that the proof of the theorem gives the 
following. 

Corollary 6.6. There is a natural commutative diagram 

V{X XyX) 




ModT{V{X Xy X)) Z{V{X xy X)) 

where the upward arrow is the obvious forgetful functor. 

Finally, let us summarize all of our preceding results without reference to the monad T but rather 
in terms of the loop space itself. Let us write X{F) for the full subcategory of Vhoi i^Y) obtained 
by cocompleting the essential image of F. Recall that it is equivalent to the left orthogonal -^IC{F^) 
to the kernel of the right adjoint F^ . 

Theorem 6.7. There are natural adjoint commutative diagrams 



V{X XyX) 




Ah{V{X Xy X)) X{F) - ^ICiF"-) Z{V{X xy X)) 

6.3. Character sheaves. Now we will apply our previous results, as summarized in Theorem 16. 71 
to our motivating example. Namely, we will consider the Hecke category Hg — T>{B\G / B) of Borel 
bi-equivariant P-modules on a complex reductive group G. This is the case when X — pt/B and 
Y = pt/G are classifying stacks, and so the fiber product X Xy X is the the double quotient B\G/B. 
With this setup, the fundamental correspondence is the horocycle correspondence 

G/G (G X G/B)/G B\G/B. 

It contains the traditional Springer correspondence as a subspace 

G/G ^ G/G ^ pt/B 

where G C G x G/B is the space of pairs where the group element fixes the flag. 

We find that our identifications of the abelianization and center is a well known category in 
representation theory. 

Definition 6.8. The 00-category of unipotent character sheaves Gho is defined to be the full sub- 
category of T>hoi{G/G) of objects with nilpotent singular support and unipotent central character. 

Note that the nilpotent singular locus is Lagrangian so that if a 2?-module with nilpotent singular 
support is finitely-generated, then it is holonomic. An argument of Mirkovic-Vilonen |MV| shows 
that for any simple object 9Jl £ Ghc in the heart of the standard ^-structure, a shift of 971 appears 
as a summand of the object F(F''(9Jl)) G Ghc. This provides an alternative constructive definition 
of character sheaves that is a derived version of Lusztig's original formulation. 
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Proposition 6.9. The oo-category of unipotent character sheaves CHq is the cocompletion of the 
essential image of the functor 

F = n,r -nG^AoiiG/G). 

Now applying Theorem 16. 7( we obtain the foUowing result. 

Theorem 6.10. The oo-category of unipotent character sheaves Che is equivalent to both the 
abelianization Ab{Ti.G) and the center Z(Hg) of the Hecke category Tic- The equivalences fit into 
natural adjoint commutative diagrams 

no 



AbiHo) Cha Z{Hg) 

6.4. Monodromic version. In this section, we sketch an analogue of the results of the preceding 
sections when we replace the equivariant Hecke category with a monodromic version. 

Let us begin with a global version of the monodromic Hecke category. We will then replace it 
with a more technically amenable local version. 

6.4.1. Global version. Let G be a complex reductive group with Borel subgroup B C unipotent 
subgroup N C B, and universal Cartan H = B/N. A monodromic P-module on G is a _B x i?- 
weakly equivariant I?-module on G, or equivalently, it is an _ff x iJ-weakly equivariant P-module on 
N\G/N. Let be the fuU subcategory of V{N\G/N) of monodromic 2?-modules. The usual 
convolution formalism equips Hq"'^ with a natural monoidal structure. 

Example 6.11. If G is a torus T, then 7-^™°" is the full subcategory of X'(T) generated under colimits 
by regular holonomic P-modulcs with singular support contained in the zero section. The monoidal 
structure is given by the pushforward m\ along the multiplication map m : T x T T. 

In the monodromic setting, the fundamental correspondence takes the following form 

G/G (G X G/N)/G N\G/N. 

Observe that the puUback along the relative diagonal is fully faithful 

5* : Hg°»c ^P((G X G/N)/G). 

Thus all of the geometry of the composition F — tt\S* is in the pushforward tti. One can think of tti 
as an equivariantization functor from monodromic P-modules to G-equivariant P-modules. 

Remark 6.12. It is ilhmrinating to factor the projection tt into two distinct maps 

G/G (G X G/B)/G (G x G/N)/G 

The resulting factoring of the pushforward tti — n2\Tri\ represents the fact that we can sequentially 
equivariantize from N first to B and then to G. This matches up with the effect of the two functors 
in the fundamental correspondence for the equivariant Hecke category Hg- 

6.4.2. Trivial generalized eigenvalue. Now let us restrict our attention to monodromic 2?-modules 
whose monodromy has generalized eigenvalue equal to one. Rather than studying the full subcate- 
gory of Ti.Q°" containing such objects, we will follow tradition in representation theory and consider 
a completed version of it. 

It is convenient to return to the general notation of preceding sections. Let's take X — BB and 
Y = BG so that XxyX = B\G/B. Now we additionally set X = BN so that X xy X ^ N\G/N. 
Consider the obvious projection 

q : X Xy X ^ X Xy X 
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and the corresponding algebra (with respect to the standard tensor symmetric monoidal structure) 
of cochains along the fibers 

-^ = 9*0xx,x xyX). 

We define the oo-category of unipotent monodromic I?-modules to be the module oo-category 

W^™ = Mod^(2)(X XyX)). 

Remark 6.13. By the Barr-Beck theorem, wc can identify W^"* with the full subcategory -'-/C(g'*) C 
T^mon{X Xy X) of objects that are in the left orthogonal to the pushforward g*. 

Example 6.14. If G is a torus T, then H^"' is equivalent to iJ * (T)-bimodules in V{BT) which in 
turn is equivalent to * (T)-modules in V{pt). 

In general, for any stack S built out of copies of X, we can replace it with the analogous stack 
<S built out of copies of X. Then the obvious projection q : S ^ S provides an algebra object 
As G T^{S)- We define the monadic shadow of ^{S) along to be the module cx)-category 

Observe that if ^{S) is compactly generated, then ^(«S) will be compactly generated by inductions. 

We can work with such categories as we usually work with modules on a ringed space. Given 
a map / : <S — *■ T, we have the induced functors f*,f*,f\,f' between V^oiiS) and 'Dhoi{T). It is 
straightforward to check that standard identities such as base change hold in this context. 

As a first instance of this formalism, let's return to the convolution diagram 



X XyX XyX 




XXyX XXyX XXyX 

If we replace the copies of X with copies of X, we obtain an analogous diagram that maps to the 
above diagram. If we pushforward the structure sheaves, we obtain a diagram of algebra objects 
in 25-modules. Thus via the usual formalism, we can equip W^"* = V{X xy X) with a monoidal 
product 

m : V{X Xy X) (g) V{X Xy X) ViX Xy X) 
Here is a second instance of this formalism. Recall the fundamental correspondence 

£Y = Y Xy^y Y CY XyX = X XxxY X X Xy X. 

where the maps are defined by the formulas 

7r = id£r XidyP = pXpxidrP ^ = idxx^yidx 

where iry : X x Y ^ Y is the obvious projection. As before, if we replace the copies of X with 
copies of X, we obtain an analogous diagram that maps to the above diagram. If we pushforward 
the structure sheaves, we obtain a diagram of algebra objects in D-modules. Thus we can define a 
trace functor 

m:V{X XyX)^V{£.Y) 
F{m) =pi6*{mi). 

Now formal analogues of the arguments of preceding sections establish the following. 
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Theorem 6.15. The oo-category of unipotent character sheaves CHq is equivalent to the abelian- 
ization Ab(Ti.Q^^) of the unipotent Hecke category TCq". The equivalence fits into the commutative 
diagram 

F 

AhiU'g'') Cha 
References 

[DSl] A. D'Agnolo and P. Schapira, Radon-Penrose transform for P-modules. J. Funct. Anal. 139 (1996), no. 2, 
349-382. 

[DS2] A. D'Agnolo and P. Schapira, Kernel calculus and extension of contact transformations to ©-modules. New 

trends in microlocal analysis (Tokyo, 1995), 179-190, Springer, Tokyo, 1997. 
[BDo] J. Baez and J. Dolan, Higher-dimensional algebra and topological quantum field theory. J. Math. Phys. 36 

(1995), no. 11, 6073-6105. 

[BB] A. Beilinson and J. Bernstein, A proof of Jantzen conjectures. I. M. Gelfand Seminar, 1-50, Adv. Soviet Math., 

16, Part 1, Amer. Math. Soc, Providence, RI, 1993. 
[BD] A. Beilinson and V. Drinfeld, Quantization of Hitchin Hamiltonians and Hecke Eigensheaves. Preprint, available 

at math.uchicago.edu/~mitya. 
[BG] A. Beilinson and V. Ginzburg, Wall-crossing functors and D-modules. Represent. Theory 3 (1999), 1-31. 
[BGS] A. Beilinson, V. Ginzburg and W. Soergel, Koszul duality patterns in representation theory. Jour. Amer. 

Math. Soc. 9 (1996), no. 2, 473-527. 
[BNl] D. Ben-Zvi and D. Nadler, Loop Spaces and Langlands Parameters. l arXiv:0706. 03221 

[BFN] D. Ben-Zvi, J. Francis, and D. Nadler, Integral transforms and Drinfeld centers in derived algebraic geometry. 
arXiv:0805.0157 

[BFN2] D. Ben-Zvi, J. Francis, and D. Nadler, Morita theory and Koszul duality for convolution categories. In 
preparation. 

[Ber] J. Bergner, A survey of (oo, l)-categories. e-print |arXiv:math/0610239| 

[BK] M. Berkooz and A. Kapustin, New IR Dualities in Supersymmetric Gauge Theory in Three Dimensions, JHEP 
9902 (1999) 009, hep-th/9810257 

[B] J. Bernstein, Algebraic theory of D-modules. Available at http:/7math.uchicago.edu/"mitya/langlands.html 
[BL] J. Bernstein and V. Lunts, Equivariant sheaves and functors. Lecture Notes in Mathematics, 1578. Springer- 

Verlag, Berlin, 1994. 

[Be] R. Bezrukavnikov, Noncommutative counterparts of the Springer resolution. \ arXi v : math . RT /0604445 ' Interna- 
tional Congress of Mathematicians. Vol. II, 1119-1144, Eur. Math. Soc, Ziirich, 2006! 
[BFO] R. Bezrukavnikov, M. Finkelberg and V. Ostrik, Character X'-modules via Drinfeld center of Harsih-Chandra 

bimodules. e-print arXiv:09 02. 14931 
[BY] R. Bezrukavnikov and Z. Yun, On the Koszul duality for affine Kac-Moody groups. Available at 

|http:// www. math! princeton.edu/~zyun/ 1 
[BLL] A. Bondal, M. Larsen and V. Lunts, Grothendieck ring of pretriangulated categories. Int. Math. Res. Not. 

2004, no. 29, 1461-1495. |arXiv;math/0401009 
[Bo] A. Borel, P.-P. Grivel, B. Kaup, A. Haefliger, B. Malgrange and F. Ehlers, Algebraic O-modules. Perspectives 

in Mathematics, 2. Academic Press, Inc., Boston, MA, 1987. 
[Br] J.-L. Brylinski, Transformations canoniques, dualite projective, theorie de Lefschetz, transformations de Fourier 

et sommes trigonometriques. Geometric et analyse microlocales. Asterisque No. 140-141 (1986), 3—134, 251. 
[Co] A. Connes, Cohomologie cyelique et foncteurs Ext". C. R. Acad. Sci. Paris Ser. I Math. 296 (1983), no. 23, 

953-958. 

[C] K. Costello, Topological conformal field theories and Calabi-Yau categories. Adv. Math. 210 (2007), no. 1, 165- 
214. 

[DW] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology. Comm. Math. Phys. 129 (1990), 
no. 2, 393-429. 

[DHK] W. Dwyer, M. Hopkins and D. Kan, The homotopy theory of cyclic sets. Trans. Amer. Math. Soc. 291 (1985), 
no. 1, 281-289. 

[EKMM] A. Elmendorf, I. Kriz, M. Mandell and J. P. May, Rings, modules, and algebras in stable homotopy theory. 
With an appendix by M. Cole. Mathematical Surveys and Monographs, 47. American Mathematical Society, 
Providence, RI, 1997. 

[F] D. Freed, Higher algebraic structures and quantization. Comm. Math. Phys. 159 (1994), no. 2, 343-398. 
[EG] E. Frenkel and D. Gaitsgory, Local geometric Langlands correspondence and affine Kac-Moody algebras. Alge- 
braic geometry and number theory, 69-260, Progr. Math., 253, Birkhauser Boston, Boston, MA, 2006. 

48 




[Gi] V. Ginzburg, Admissible modules on a symmetric space. Orbites unipotentes et representations, III. Asterisque 

No. 173-174 (1989), 9-10, 199-255. 
[Gol] A. Goncharov, Integral geometry and D-modules. Math. Res. Lett. 2 (1995), no. 4, 415—435. 
[Go2] A. Goncharov, Differential equations and integral geometry Adv. Math. 131 (1997), no. 2, 279-343. 32C38 

(32L25 

[GKM] M. Goresky, R. Kottwitz and R. MacPherson, Equivariant cohomology, Koszul duality, and the localization 

theorem. Invent. Math. 131 (1998), no. 1, 25-83. 
[Gr] I. Grojnowski, Character sheaves on symmetric spaces. MIT thesis (1992), available at 

'http: / / www.dpmms.cam.ac.uk~groj / papers.html 
[H] T. Hausel, Mirror symmetry and Langlands duality in the non-abelian Hodge theory of a curve. Geometric 

methods in algebra and number theory, 193-217, Progr. Math., 235, Birkhauser Boston, Boston, MA, 2005. 
[HRV] T. Hausel and F. Rodriguez- Villegas, Mixed Hodge polynomials of character varieties. With an appendix by 

Nicholas M. Katz. Invent. Math. 174 (2008), no. 3, 555-624. 
[HK] R. Hotta and M. Kashiwara, The invariant holonomic system on a semisimple Lie algebra. Invent. Math. 75 

(1984), no. 2, 327-358. 

[J] J.D.S. Jones, Cyclic homology and equivariant homology. Invent. Math. 87 (1987), no. 2, 403—423. 
[Jo] A. Joyal, Quasi-categories and Kan complexes. J. Pure Appl. Algebra 175 (2002) 207—222. 

[KW] A. Kapustin and E. Witten, "Electric-Magnetic Duality And The Geometric Langlands Program," 
|hep-th/0604151 

[K] M. Kashiwara, P-modules and microlocal calculus. Translated from the 2000 Japanese original by Mutsumi Saito. 

Translations of Mathematical Monographs, 217. Iwanami Series in Modern Mathematics. American Mathematical 

Society, Providence, RI, 2003. 
[KS] M. Kashiwara and P. Schapira, Integral transforms with exponential kernels and Laplace transform. J. Amer. 

Math. Soc. 10 (1997), no. 4, 939-972. 

[Ke] B. Keller, On differential graded categories. |arXiv:math.AG/0601185| International Congress of Mathematicians. 

Vol. II, 151-190, Eur. Math. Soc, Zurich, 2006 
[La] G. Laumon, Faisceaux caracteres (d'apres Lusztig). Seminaire Bourbaki, Vol. 1988/89. Asterisque No. 177-178 

(1989), Exp. No. 709, 231-260. 
[Lo] J.-L. Loday, Cyclic homology. Appendix E by Maria O. Ronco. Second edition. Chapter 13 by the author in col- 
laboration with Teimuraz Pirashvili. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles 

of Mathematical Sciences], 301. Springer- Verlag, Berlin, 1998. 
[LI] J. Lurie, Higher topos theory. arXiv:math.CT/0608040 

[L2] J. Lurie, Derived Algebraic Geometry 1: Stable infinity categories. arXiv:math.CT/0608228 
[L3] J. Lurie, Derived Algebraic Geometry 2: Noncommutative alge bra. arXiv:math.CT/0702299 
[L4] J. Lurie, Derived Algebraic Geometry 3: Commutative algebra. |arXiv:math.CT/0703204| 

[L5] J. Lurie, On the classification of topological field theories. Preprint, available at 

|http://www-math.mit.edu/~lurie/| 
[L6] J. Lurie, (oo, 2)-Categories and the Goodwillie Calculus I. Preprint, available at 

|http;/ /www-math. mit.edu/ 'lurie/ 
[Lu] G. Lusztig, Character sheaves I. Adv. Math 56 (1985) no. 3, 193-237. 

[MV] I. Mirkovic and K. Vilonen, Characteristic varieties of character sheaves. Invent. Math. 93 (1988), no. 2, 405- 
418. 

[MS] G. Moore and G. Segal, D-branes and K-theory in 2D topological field theory, e-pring |arXiv:hep-th/0609042| 
[Nl] A. Neeman, The connection between the ii"-theory localization theorem of Thomason, Trobaugh and Yao and 

the smashing subcategories of Bousfield and Ravenel. Ann. Sci. Ecole Norm. Sup. (4) 25 (1992), no. 5, 547-566. 
[N2] A. Neeman, The Grothendieck duality theorem via Bousfield's techniques and Brown representability. J. Amer. 

Math. Soc. 9 (1996), no. 1, 205-236. 
[SSh] S. Schwede and B. Shipley, Stable model categories are categories of modules. Topology 42 (2003), no. 1, 

103-153. 

[Se] S. Sethi, A Relation between N=8 Gauge Theories in Three Dimensions, JHEP 9811 (1998) 003, hep-th/9809162| 

[Sh] B. Shipley, Symmetric spectra and topological Hochschild homology. iC-Theory 19 (2000), no. 2, 155-183. 

[S] W. Soergel, Langlands' philosophy and Koszul duality, Algebra-representation theory (Constanta, 2000), NATO 

Sci. Ser. II Math. Phys. Chem., vol. 28, Kluwer Acad. Publ., Dordrecht, 200 1, pp. 379-414. 

[To] B. Toen, The homotopy theory of dg categories and derived Morita theory. |arXiv:math.AG/0408337| Invent. 

Math. 167 (2007), no. 3, 615-667. 
[To2] B. Toen, Higher and Derived Stacks: a global overview. To appear. Proceedings 2005 AMS Summer School in 

Algebraic Geometry. arXiv:math.AG/0604504 
[TV] B. Toen and G. Vezzosi, Infinies-categories monoidales rigides, traces et caracteres de Chern e-print 

arXiv:0903.3292 

Department of Mathematics, University of Texas, Austin, TX 78712-0257 
E-mail address: benzviOmath.utexas.edu 

49 



Department of Mathematics, Northwestern University, Evanston, IL 60208-2370 
E-mail address: nadleramath.northwestern.edu 



50 



